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ABSTRACT 

This good practice guide builds on work carried out during the second Software Support for 
Metrology (SSfM) programme. The guide continues the work carried out for project 1.4, 
“Continuous Modelling In Metrology”, and relates it to the structure used for describing the 
modelling process in the best practice guide (BPG) “Software Support for Metrology Best 
Practice Guide 4: Discrete Modelling” to create a guide to good practice in continuous 
modelling. The guide is aimed at new and experienced users of continuous modelling 
techniques who wish to apply good practice to their modelling projects. It may also be of 
interest to those who want a better understanding of the similarities and differences between 
different numerical methods for solving models. 

Please note that the majority of figures in this report are designed to be seen in colour, 
hence black and white printed copies may be less easy to interpret than the on-screen 
version. 
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1. Introduction 
This good practice guide builds on work carried out during the second Software Support for 
Metrology (SSfM) programme. The guide continues the work carried out for project 1.4, 
“Continuous Modelling In Metrology” [1,2,3], and relates it to the structure used for 
describing the modelling process in the best practice guide (BPG) “Software Support for 
Metrology Best Practice Guide 4: Discrete Modelling” [4] to create a guide to good practice 
in continuous modelling. 

In addition, this guide illustrates the similarities and differences between discrete and 
continuous modelling. In particular, the use of the same terminology as the discrete modelling 
BPG [4] shows that the main steps in the continuous modelling process are identical or 
analogous to those in the discrete modelling process.  

The guide is aimed at new and experienced users of continuous modelling techniques who 
wish to apply good practice to their modelling projects. It may also be of interest to those who 
want a better understanding of the similarities and differences between different numerical 
methods for solving models. The scope and structure of the guide are described in section 1.2, 
and a summary of good practice is given in section 7.  

Please note that the majority of figures in this report are designed to be seen in colour, 
hence black and white printed copies may be less easy to interpret than the on-screen 
version. 

1.1 Mathematical modelling in metrology  
Modelling can be regarded as a simplification process. A complex physical situation is turned 
into a solvable model by making simplifying assumptions about the factors that most 
influence the behaviour of the quantity of interest.  

The vast majority of models assume that the physical world is a continuum and do not 
describe the interaction of individual atomic particles. Whilst this is a reasonable assumption 
for most metrology problems, in recent years there has been a growing interest in modelling 
micro- and nano-scale problems. The increased level of interest has lead to the question “at 
how small a scale do bulk models cease to be accurate?”. This question, and other problems 
such as how to bridge the gap between molecular models and bulk models, is explored in the 
forthcoming NPL report “Mathematical Modelling for Metrology at the Nanoscale” [5], an 
output of the SSfM-3 programme. 

In the discrete modelling BPG [4], the modelling process was seen as an evolutionary process 
with four components. The same approach will be taken in this guide, which leads to a new 
description of some aspects of continuous modelling. In particular, the model solving 
component suggests a new way of looking at the discretisation process that many continuous 
modelling techniques require, as will be explained in section 4.  

The four components are: 

Model building: Developing a mathematical model of the experimental system in terms of 
mathematical equations involving parameters that describe all the relevant aspects of the 
system. For continuous models, at least one of the equations will be either in differential or 
integral form, and the model will also require a solution domain, boundary conditions, and 
possibly initial conditions.  

Model solving: Determining estimates of the model parameters from the measured data by 
solving the mathematical equations constructed as part of the model. The model solving steps 
of many continuous modelling techniques involve making assumptions about the local 
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behaviour of the solution within a small region to construct an approximate solution to the 
model. 

Software implementation of solvers: Solution of continuous models often requires the 
solution of large systems of equations, making software implementation of the solver an 
important part of the process. A large number of proprietary packages exist that enable the 
user to build and solve the model within a single environment, often without the user needing 
to have any knowledge of the underlying mathematics.  

Model validation: Determining whether the results produced are consistent with the input 
data, theoretical results, reference data, expert knowledge, etc. The results of an unvalidated 
model are little better than educated guesswork.  

These descriptions use terms that need careful definition. Throughout this guide, the 
parameters of a model are the quantities that are to be estimated, and the variables are the 
quantities that are considered to be known. The definitions used here have been chosen to be 
consistent with the discrete modelling BPG [4].  These terms are discussed further in section 
2.2. 

1.2 Scope, structure and usage of this guide 
This guide describes model building (section 3), model solving (section 4), and software 
implementation (section 5) using continuous models. Section 2 provides some general 
definitions of terms used throughout the guide and gives some motivation for the guide’s 
contents and structure. 

It considers the model in isolation, without relating the model to the problem that the 
metrologist wishes to solve, so optimisation methods for continuous modelling are not 
described. The issues generated by this approach are discussed further in section 2.2. A large 
amount of material on optimisation already exists, including some useful websites [6,7], and 
software resources such as the NAG library [8] and Matlab [9] include optimisation routines.  

No guidance is given here on seeking analytical solutions to problems. Very few continuous 
modelling problems have analytical solutions, and the problems that do have them tend to 
involve simplifications and assumptions that make the difference between the model and 
reality large. However, some problems that have analytical solutions can be useful for model 
validation purposes, so such solutions can be valuable when they are available. 

This guide does not describe model validation methods in detail, because an extensive report 
on model validation in continuous modelling has been published as part of a previous SSfM 
programme [1]. The main conclusions of the validation report are described in section 6. 

A summary of good practice is provided in section 7, and illustrative case studies are shown 
in section 8. Sections 9 and 10 describe some of the models and solution techniques that are 
most common in metrology. Users wishing to understand good practice in continuous 
modelling without reading the details should read sections 1, 2, and 7 of this report. Sections 
3, 4, 5, and 6 explain the reasons for the recommendations that are made in section 7, and 
sections 9 and 10 can be used as a reference guide to the standard model building and solving 
techniques for continuous models in metrology. 

1.3 Acknowledgments 
This guide was produced under the Software Support for Metrology (SSfM) programme, 
which is managed behalf of the DTI by the National Physical Laboratory. For more 
information on the SSfM programme visit the website at http://www.npl.co.uk/ssfm or contact 
the programme manager Mr Bernard Chorley (phone +44 20 8943 7050, email: 
ssfm@npl.co.uk, National Physical Laboratory, Hampton Road, Teddington, Middlesex, UK 
TW11 0LW). 
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The authors would like to thank Graham Machin and Dave Lowe of the Thermal 
Measurement Team, Division of Engineering and Process Control at NPL for their 
contributions to the first case study, and Stephen Robinson of the Acoustics Team, Division 
of Quality of Life at NPL for his contributions to the second case study. 

1.4 General notation 
Unless otherwise specified in the text, the following notation is used throughout.  

x position vector in Cartesian (x, y, z), cylindrical polar (r, θ, z) or spherical polar 
(R, θ, φ) coordinates 

t time 

Ω model domain 

∂Ω domain boundary 

V three-dimensional volume model domain 

S closed surface model domain (often the boundary of V) 

n normal vector to a surface 

A two-dimensional area model domain 

f (n)(x) nth derivative of the function f with respect to x 

fx(x, y) partial derivative of f with respect to x 
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2. Motivation and general definitions 
This section discusses some of the reasons for modelling a measurement process, and 
suggests ways in which consideration of these reasons can help to improve clarity and 
communication during the modelling process.  

The section also gives definitions of many of the terms that are used in this guide. Many 
definitions that are used in discrete modelling are directly applicable to continuous modelling. 
The discrete modelling BPG [4] gives some of the following, but they will be repeated for 
completeness. Section 3 includes further discussion of some of the ideas introduced here. 

2.1 Why model a measurement process? 
All models start from a question that cannot be answered by measurement alone. Examples 
include: 

• What is the best design for this experiment/How can I achieve a uniform state with 
this equipment? If a new experiment is being developed, a model can help identify 
the best design for the equipment before measurements are possible. Similarly, if a 
particular state (field strength, temperature uniformity, stress state, etc.) is required 
during an experiment, a model can suggest alterations to the equipment that can 
achieve the requirements. 

• What is happening inside this object? In general, measurements of quantities such as 
stress and temperature inside a test sample are difficult to achieve. A model can 
predict the values of useful quantities in places where they cannot be measured. 

• How does that happen? Many models are made because a better understanding of a 
measurement process is required. The process may be producing unexpected results, 
or an event (e.g. damage or failure) with an unclear cause may have occurred during 
the measurement process. A model can help to explain what has caused the 
unexpected occurrence. 

• Are my assumptions right/What happens if the assumptions I made are wrong? 
Some experiments require their results to be processed to obtain the value that is of 
interest. Often the data processing is based on assumptions such as a uniform stress 
state, constant temperature, an ideal uniform material, etc. A model makes it 
possible to test these assumptions and to investigate the effects of false assumptions 
in a controlled way. 

• How can I generate the results I’m interested in from the measurements I have 
made? In some cases (see case study 2 for an example) the measured values require 
extensive processing via a continuous model in order to produce the results of 
interest. 

• How sensitive is the measured value to temperature/pressure/frequency/location? 
This is a key question for measurement processes as the answer affects the 
uncertainty of the measurement results. Some form of model of the measurement 
process is the only way to investigate the sensitivity of the results to external factors. 

Some modellers find the definition of this question the most difficult stage of the modelling 
process, and it is usually the case that the answer to one question leads to a new set of 
questions. For instance, knowing the temperature or stress distribution inside a material often 
leads to asking why those results have occurred and how they can be altered or improved. 
However, it is important to have a clear idea of the question to be answered because it affects 
everything about the model. The question affects which results need to be obtained, it affects 
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which features of the process must be included in the mode, and it affects the degree to which 
the model needs to be validated. 

In many cases, the person carrying out the measurement process and the person modelling 
that process are not the same person and so communication can become a problem. This 
problem can be avoided by using a “user specification” so that the requirements of all parties 
are understood. Even if the experimentalist is carrying out the modelling, a user specification 
can help to clarify the aims and limitations of the model and thus speed up the model 
development process. 

The user specification should be written in terms of the experiment rather than in 
mathematical terms, because the aim is to capture the needs of the experimentalist rather than 
to define the model in full. The specification needs to include: 

• Definition of the question to be answered, i.e. the purpose of the modelling activity. 

• Definition of the model results that will be used to answer that question, including 
their nature (e.g. numerical values, visualisations, etc). 

• Definition of who will use the model: a model that is being run by its developer to 
generate results may differ from a model that is part of a tool to be run by other 
people. 

• A description of the assumptions made about the experiment. 

• A description of how the model will be validated (even if this is only a check that 
the results look right). 

• A list of the information that the experimentalist will supply to the modeller (usually 
dimensions of the experimental apparatus, measured values, and material 
definitions). 

These points ensure that the modeller and experimentalist understand what the model will do, 
what the modeller requires in order to get the results, and what the limitations of the model 
are. The user specification need not be a formal document, but a record of the points listed 
above should be kept. 

2.2 Types of model and quantity 
A physical model is one in which there is a theory that defines how the variables and 
parameters depend on each other. An empirical model is one in which a relationship between 
the variables is expected or observed but there is no supporting theory.  

Many models have both physical and empirical components. The differential equations used 
in continuous modelling are almost always physical models, but often the equations used to 
describe the behaviour of some of their variables are empirical. A good example of this is the 
use of empirical models of temperature-dependent material properties in the heat equation, a 
physical model. 

The model domain is the region of space and/or time within which a solution is required. At 
the limits of the domain, which may be infinite, a set of boundary conditions will be defined 
that describe the behaviour of some of the variables and parameters at the boundary. If the 
domain includes a time dimension, a set of initial conditions at time t = 0 will also be 
required. 

An explicit model is one in which one or more of the variables is given as a directly 
computable function of the remaining variables and parameters (variables and parameters are 
defined in section 1.2). We write y = φ(x, a) to show that y is a function of the model 
variables x and parameters a. If x and a are known, then the corresponding value for y can be 
calculated. An implicit model is one in which the variables and parameters are linked through 
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a set of equations. We write, for example, f(x, a) = 0 to show that the components of x are 
related implicitly. In general, these definitions are most helpful for discretised models rather 
than models involving differential equations. 

It may be possible to rewrite an implicit model as an explicit model, but it may not be helpful 
to do so since often the explicit form is less amenable to solution than the implicit form. For 
example, in its time-dependent form, the heat equation for constant thermal properties is 
usually written 

( ) ( ) [ ]Ft,t,,t,T
t

t,T 02 ∈Ω∈∇=
∂

∂ xxx α  ,     (2.1) 

where Ω is the domain, x is a position vector, T is temperature, t is time, and the boundary and 
initial conditions are written 

( ) ( ) ( ) ( ) ( )
( ) ( )xx

xxxxbxx

00 T,T
,t,ct,T.t,t,Tt,a

=
Ω∂∈=∇+

 

where ∂Ω is the boundary of the domain. If the equation (2.1) is integrated with respect to 
time between 0 and t*, it can be rewritten  

( ) ( ) ( ) [ ]F
*

t
* t,t,,dtt,TTt,T

*

0
0

2
0 ∈Ω∈∇+= ∫ xxxx α  

This form is not necessarily helpful, since the quantities on the right hand side of the equation 
may not be easy to compute, but there are circumstances under which an explicit form may be 
useful (see section 2.2).  

The terms implicit and explicit are commonly used in the solution of time-dependent models, 
since the solution methods used for such problems are generally divided into implicit and 
explicit types. The way that the terms are used in time-dependent applications can be regarded 
as a special example of the definition given above. This usage is explained further in section 
4.2.5. 

A linear model is one in which all of the parameters appear linearly in the governing 
equations and the boundary conditions. A nonlinear model is one in which one or more of 
the parameters appears nonlinearly in the governing equations or the boundary conditions. A 
model that is nonlinear in its parameters can easily be linear in its variables, so it is useful to 
state what quantities the linearity or nonlinearity refers to.   

Coordinate quantities identify a point in the domain. They are usually variables, and consist 
of a position and possibly a time. They can be parameters if the problem to be solved is the 
location of the maximum value of some quantity. State quantities characterise the state of the 
system at a point. Examples are temperature, stress, pressure, and field strength. The 
quantities being differentiated in the governing equations are state quantities.   

A field quantity is a state quantity that varies over a model domain. If the model is to have a 
non-trivial solution, the quantity that is differentiated in the model equation must be a field 
quantity. Field quantities can be scalars (e.g. temperature), vectors (e.g. displacement) or 
tensors (e.g. stress).  

A transient model is a model that includes time as one of the coordinate quantities. A static 
or steady-state model is one that does not. Many transient models converge to a steady state 
as time increases. Steady-state models are easier to solve because they have fewer coordinate 
variables, and because they do not require the same stability requirements when approximated 
numerically. 
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2.3 Problems, models, parameters and variables 
In section 2.1, parameters were defined as unknown quantities that are to be estimated, and 
variables as quantities regarded as known from measurement or assumptions. It is important 
to note that a problem to be solved using a model has two sets of variables and parameters: 
the problem variables and parameters, and the model variables and parameters. 

The problem variables are the quantities that are known in reality, and the problem parameters 
are the quantities that need to be estimated. The model variables are the quantities to which 
values must be assigned for the model to be solvable (the domain geometry, the domain 
properties, the boundary conditions, etc.), and the model parameters are the values produced 
by the solution process. For a given physical system, the model variables and parameters will 
be the same no matter what questions are to be asked about the system, but the problem 
variables and parameters are defined by the question that is asked. 

As an example, consider a bar of constant and uniform material properties and uniform square 
cross-section that is held at a steady temperature at one end, is insulated along its long faces, 
and is losing heat by convection to an environment of varying temperature at the other end. 
The governing equation, initial conditions, and boundary conditions for this situation will be 

( ) ( ) ,bz,y,Lx,t,z,y,xT
t

t,z,y,xT
≤≤≤≤∇=

∂
∂ 002α   

 ( ) ( ) ,bz,y,Lx,z,y,xT,z,y,xT ≤≤≤≤= 000 0  

 

( ) ( )( )

,bz,by,Lx,
z
T

,bz,by,Lx,
y
T

,bz,y,Lx,tTTTh
y
T

,bz,y,x,TT

amb

f

±=≤≤≤≤=
∂
∂

≤≤±=≤≤=
∂
∂

≤≤=−=
∂
∂

≤≤==

000

000

0

00

λ

 

where T is the temperature, T0 is the initial temperature distribution, Tf is the fixed 
temperature at one end, h(T) is the heat transfer coefficient, α is the thermal diffusivity, λ is 
the thermal conductivity, Tamb(t) is the temperature of the environment, L is the length of the 
bar, and b is the length of the square cross-section. 

In order for this model to be solved, the following quantities and functions must be known: 
T0, Tf, h(T), α, λ, Tamb(t), L, and b. These are the model variables. The model parameters are 
the values of T that are not defined by the initial or boundary conditions. 

Suppose that three problems are of particular interest for the metrologist: 

1. How does the temperature of the free end of the bar vary with time? 

2. When is the maximum temperature of the free end reached? 

3. Given a set of measurements of the temperature at the centre of the free end of the 
bar, what is the best estimate of the thermal conductivity of the bar?  

The first problem can be written “what is T(L, y, z, t)?”, and so the problem parameter is one 
of the model parameters, a state quantity which can be obtained directly from the model 
results.  

The second problem can be written “find t* such that T(L, y, z, t*) ≥ T(L, y, z, t) for all t ≥ 0”, 
and so the problem parameter is a coordinate quantity that can be found from the model 
parameters. 
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The third problem can be rewritten as a minimisation problem. Suppose that the temperature 
measurements at the centre of the bar occur at times ti, i = 1, 2, …, m, and that the measured 
temperature at time ti is Ti. Then the minimisation problem could be written as 

( )[ ] .Tt,b,b,LT
m

i
ii∑

=

−
1

222minimise
α  

In this case the problem parameter is one of the model variables. The model cannot be solved 
without a value for α, but the value of α is not known.  

If any of the problem parameters is a model variable, the solution to the problem can only be 
found using an optimisation technique. Such problems are particularly common in metrology. 
Many applications of modelling in metrology are simulations of experiments that are used to 
determine a physical property of a material sample, so one or more of the domain properties 
may be unknown. 

Optimisation methods can iteratively alter the parameters in order to make some set of model 
results agree with a corresponding set of experimental data. For instance, in the example 
above, an optimisation method could alter the thermal diffusivity of the bar to make the model 
predictions as close as possible to the measurements. The optimisation method attempts to 
minimise some function of the differences between the variables and the equivalent measured 
values, called the objective function. A commonly used objective function is the sum of 
squares of the differences, as was used in the example given above. Optimisation techniques 
are often necessary in discrete modelling, because the solution procedure used to generate 
parameter estimates often involves minimisation of an error norm.  

If an explicit model for the variables exists, so that yi = f(x; a), the objective function is an 
expression whose dependence on the parameters is given. If the dependence of the objective 
function on the parameters is known, the optimisation is considerably more straightforward 
than the case where only an implicit model is available. The partial derivatives of the 
objective function with respect to each parameter are found and set to zero, producing a set of 
equations that can be solved to find the best possible values of the parameters. 

If the model is implicit, optimisation is still possible but the methods that can be used are 
often less efficient and require more computational effort. Continuous models do not 
generally have an explicit analytic solution, so the objective function for a continuous model 
is usually implicit. 

The application of optimisation methods to continuous models can be problematic, 
particularly when commercial proprietary software is used. The unavailability of derivatives 
means that some of the most efficient techniques cannot be used, the need for repeated 
evaluations of the original model can increase computational effort to an unacceptable degree, 
and non-uniqueness of the solution can be difficult to disprove. However, such problems are 
not impossible, and several examples of optimisation using finite element analysis to generate 
the objective function exist [10, 11]. 

If the problem is to be expressed as an optimisation, it is important to be sure that the routines 
that generate the objective function are correct. This requirement means that the model 
development and validation processes are identical whether optimisation is required or not. If 
optimisation is required, the initial validation will treat variables of the optimised model as 
parameters and vice versa, and further validation will be required to ensure that the 
optimisation routines are working correctly. 
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3. Model building 
A continuous model is usually defined by four entities: the governing equations, the problem 
domain, the domain properties, and the boundary conditions. These four entities can depend 
on one another: in particular, it is fairly common for the boundary conditions to depend on the 
material properties and in many cases the domain depends on the governing equations. In 
some cases the domain properties create further governing equations. Extra entities may be 
required in some cases, for example time-dependent models require definition of a set of 
initial conditions, and in some cases one or more of the entities may be unnecessary. In 
general, however, these four entities uniquely define a model. Each of the four entities will be 
discussed in more depth in the remainder of this section. 

3.1 Governing equations 
The main governing equations of a continuous model are either ordinary differential 
equations (odes), partial differential equations (pdes), integral equations, integro-differential 
equations, or some combination of these types. Each type of equation will be discussed in 
more detail in the following sections. Issues of existence and uniqueness of solutions to the 
governing equations will not be discussed here, but it should be remembered that such issues 
may exist. It should be noted that not every model that can be built has a solution, and that 
non-linear models in particular may not have a solution. 

The choice of governing equations can involve approximation. In many models, phenomena 
that would affect the model results are neglected because their effects on the results are 
insignificant compared to the effects of other factors, and they add unnecessary complication 
to the model. A common example of this is the assumption that a process is isothermal: many 
physical processes that generate heat locally, such as contact involving friction, are regarded 
as isothermal because the temperature variations that are produced are sufficiently small that 
they have an insignificant effect on the model results of interest.  

In some cases, a governing equation can feature more than one unknown quantity. The most 
common example is that of determining resonant frequencies. Resonant frequencies occur in 
many applications, including dynamic analysis of structures, acoustics problems, and 
electromagnetics problems. They are problems of the form 

( ) uu λ=L  

where L is a differential operator, usually a linear differential operator, u are the unknown 
eigenfunctions, and λ are the unknown eigenvalues. The eigenvalues and eigenfunctions are 
generally infinite sets. These problems are often generated by making assumptions about the 
behaviour of the solutions of other governing equations. 

It is becoming more common for continuous modelling software packages to describe their 
governing equations in physical terms rather than mathematical ones, that is defining the 
problem and not the model. The majority of finite element packages do not state the pdes 
being solved in their user manuals, probably because the packages are aimed at engineers and 
designers from less mathematical backgrounds. Instead there is often a separate theory manual 
that covers the equation definitions.  The posing of problems in physical terms may mean that 
the user cannot clearly state which pde is of interest, but since the model solution method has 
already been determined by the choice of software this need not be a problem.  

It is worth remembering that alternative solution methods may be available and could be 
better, so that an awareness of the underlying equations is generally advantageous. In 
addition, understanding the underlying governing equations can identify when approaches 
successfully applied in one area of physics can be used in another area. 
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3.1.1 Ordinary differential equations 
Ordinary differential equations are equations that involve a function of a single quantity x and 
the derivatives of that function. Their generic form is 

( ) ( ) ( ) ( )( )( ) 0=′′′ xf,...,xf,xf,xf,xF N , 

where F could be a non-linear function of any of its arguments, and the functions f and F 
could be vectors. This is an Nth order system of odes. It is possible to transform an Nth order 
ode into a system of N first-order odes by defining 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ),xfxf,...,xfxf,xfxf,xfxf N
N

1
1210

−
− =′′=′==    
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Whilst this transformation offers little advantage when seeking an analytical solution, it 
means that numerical approximation methods that are only suitable for first-order problems 
can be applied to the problem, which may be a computational advantage.  

The most general form of an Nth order ode has N independent solutions, and if the equation is 
linear then any linear combination of these solutions will be a solution of the ode. The 
boundary conditions specify what combination of the possible solutions is required. 

3.1.2 Partial differential equations 
Partial differential equations occur when the function f depends on more than one quantity, 
and the equation involves the partial derivatives of f with respect to its arguments. If the 
function of interest if f(x) and x = {xi: i = 1, 2, …, p} then the general form for an Nth order 
pde is 

( ) 021: 21
21
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Most pdes that occur in metrology are second order or less. Second-order pdes can be written 
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where the quantities x could include time. Second-order pdes can be classified by the value of 
the determinant of the matrix 

[ ]ijC=C  

If det(C) > 0, the equation is elliptic and is probably derived from a physical equilibrium 
problem. If det(C) < 0, the problem is hyperbolic, and if det(C) = 0, the problem is parabolic. 
Hyperbolic and parabolic problems are generally derived from physical propagation 
problems. It should be noted that if the coefficients Cij are not constant, the classification of 
the equation can change. Typical examples of each class of pde are: 

Elliptic: the steady-state heat equation   02 =∇ T  
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Hyperbolic: the wave equation   ttucu 22 =∇  

Parabolic: the diffusion equation   tff =∇2κ  

3.1.3 Integral and integro-differential equations 
Integral equations involve the integral of a field quantity, and are less common in continuous 
modelling than differential equations. Integro-differential equations are even less common 
than integral equations and involve both integral and differential terms, sometimes with the 
differential under the integral sign.  

Many of the integral and integro-differential equations that occur in physics can be 
reformulated as differential equations. For example, if the domain Ω is the exterior to a closed 
volume V, then the Helmholtz equation (an equation commonly occurring in acoustic models) 
can be written as 

( ) ( ) Ω∈=+∇ xxx ,k 022 ϕϕ         (3.1) 

or 

( ) ( ) ( ) ( )( ) ( ) ,,d.,G,G
V

kk Ω∈=+′′∇′′−′∇′∫
∂

xxAxxxxxx 0ϕϕϕ    (3.2) 

where k is the constant wavenumber, φ is the complex-valued pressure, and Gk is the Green’s 
function for equation (3.1). The integral equation form (3.2) is commonly solved using 
boundary element techniques, whereas the differential form (3.1) is more difficult to solve 
over an infinite exterior domain Ω. 

It is often more useful to use an integral formulation when the domain is extremely large in 
comparison to the region that is really of interest. In the example above, the domain is the 
whole of space outside of Ω, but the region of interest to the metrologist may only be a few 
points within that infinite region. Solution of the differential equation (3.1) would give φ at all 
points in Ω, and calculation of such a solution would be computationally intensive and much 
less efficient than using the integral form. 

3.2 Model domain 
Two questions need to be considered when defining a model domain: which results are of 
interest, and what affects those results. The domain needs to encompass the locations of the 
required results, and enough of the rest of the universe to simulate the physical situation 
accurately.  

The most common problem in definition of a model domain is knowing what not to include. 
The definition needs to be sufficiently detailed that the model results will be close to 
measured values, but it needs to be sufficiently simple that the model can be solved using a 
reasonable amount of computational effort. The complexity of a domain can sometimes be 
reduced by choosing appropriate boundary conditions. Three good ways of controlling the 
complexity of the domain are reducing the amount of detail, using symmetry or planarity, and 
limiting the extent of the domain. 

Care needs to be taken when simplifying the domain to ensure that the simplified version still 
produces good results. If possible, model results from models with and without the 
simplification should be compared in order to assess the effect of the change.  

An example of this is shown in figure 3.1. The left-hand model has a rounded inner corner 
and the right-hand model does not. The contour plots show the maximum principal stress. The 
maximum stress in the rounded model is 11.4 MPa, and the maximum in the unrounded 
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sample is 14.2 MPa, an increase of about 25%. Clearly the flattening of the corner, which has 
simplified the geometry, has affected the results to a significant degree. 

Figure 3.1: Comparison of results from a model with and without a rounded corner. 

3.2.1 Reduction of detail  
If the model is simulating an experimental procedure, there may be parts of the equipment and 
the environment of the experiment that do not need to be modelled in detail. Often it is 
sufficient to model the effect that the equipment has on the process of interest without 
modelling the details of the equipment accurately.  

As an example, consider the equipment shown in figure 3.2. The equipment uses a 
hemispherical ram to load a circular sample of material on a support. The ram and the support 
are made of much stiffer material than the sample. The results of interest are the stresses, 
strains, and deformation of the sample. The main effects of the equipment on the sample are 
the support holding the plate up, and the ram pushing it down.  

Since the ram and the support are much stiffer than the sample material, their deformation can 
be neglected. Figure 3.3 shows the chosen model domain. The entire model is treated as 
axisymmetric, and only the material sample is modelled in detail. The use of axisymmetry 
leads to an altered form of the governing equations that can be solved more quickly. The ram 
and the support are modelled as rigid surfaces and the rest of the equipment is not modelled at 
all. 

This simplification process is often applied to thermal models. It is often assumed that the air 
temperature around a hot object does not vary spatially, even though in reality this will not be 
the case. Similarly, there are often geometric simplifications that can be made. Models of 
vehicle impacts often represent large complicated parts such as the engine as lumped masses, 
since their mass affects the deformation of the frame of the car but they do not themselves 
deform. 
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Figure 3.2: Equipment for centrally loading a circular plate. 

Figure 3.3: Model simulation of the equipment in figure 3.2.  

3.2.2 Symmetry and planarity 
Symmetry, periodicity and planarity are used to reduce the size and sometimes dimensionality 
of a domain. Symmetry can be reflective or rotational, and means that only a fraction of the 
full domain needs to be modelled. Planarity means that the parameters and variables are not 
expected to vary in one direction, so the problem can be modelled as a two-dimensional slice. 
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In general, use of symmetry requires the problem to have symmetric boundary conditions as 
well as a symmetric domain. 

Symmetry is imposed through the use of appropriate boundary conditions. For example, 
consider the shape shown in figure 3.4, and assume that the material is uniform and elastic. 
The shape is being loaded by equal and opposite forces on the faces at x = ±L and y = ±H, and 
the forces in both cases are acting in a direction normal to the loaded face. Since the forces on 
x = ±L are equal and opposite and the geometry has reflectional symmetry about x = 0, the 
points along the plane x = 0 are not loaded in the x direction, and so they will not move in that 
direction. Similarly, the points along the plane y = 0 are not loaded in the y direction and will 
not move. These symmetries mean that it is only necessary to model the region 0 ≤ x ≤ L, 0 ≤ 
y ≤ H, and the displacements of the rest of the shape can be deduced from the symmetry. 

Figure 3.4: An example of a symmetric problem. 

Some model domains have periodic symmetry, meaning that they are made up of a smaller 
unit repeated a number of times. It may be possible to reduce the domain size by only 
considering a single representative unit. An axisymmetric model is an extreme version of this 
where the repeated unit is an infinitely thin slice of the full domain. An example of an 
axisymmetric domain is shown in figures 3.2 and 3.3 above. The boundary conditions and 
domain are fully rotationally symmetric, so a two-dimensional slice of the geometry can be 
considered. 

It may be possibly to use periodic symmetry by changing the way that the boundary 
conditions are expressed. An example of this technique is used in one of the case studies (see 
section 8.2), where rotational symmetry is imposed by expressing the boundary conditions as 
a Fourier series, leading to a set of problems with various orders of periodic symmetry. 

Similarly, planarity could be regarded as an infinitely thin slice in one of the coordinate 
directions. Planarity can be imposed when the results are not expected to vary significantly 
over one of the dimensions of a three-dimensional domain. For example, consider a thin, wide 
beam, fixed at one end and loaded in the vertical direction at the other, as shown in figure 3.5 
where L and b are much larger than h. 
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Figure 3.5: Thin wide beam that can be treated as plane strain. 

Since there are no forces acting directly in the z direction, it is likely that there will be no 
displacement in the z direction and that the x and y displacements will not depend on z. If 
these assumptions are true, the model can be reduced to a plane strain model and treated as a 
two-dimensional case. Similarly, if it can be shown that the normal stress in the z direction is 
zero (for instance if the beam had been narrow in the z direction), then a plane stress model 
can be used. Both of these two assumptions reduce a three-dimensional model to a two-
dimensional one. 

These assumptions are effectively semi-analytic methods: they make an assumption about the 
behaviour of the solution and simplify the governing equations and model domain in line with 
the assumption. Semi-analytic methods are described in more detail in section 10.5. 

3.2.3 Limiting the extent of a domain 
Some models, particularly models of wave propagation problems, use infinite domains. In 
general such problems apply a boundary condition at infinity such as steady state conditions 
or no incoming waves. Such problems can be modelled over a more manageable domain if 
“infinity” is defined as “sufficiently far away from the areas of rapid change”. Even when the 
boundary condition is to be applied at a finite distance, assumptions about how far away the 
boundary needs to be can significantly reduce the computational effort required to obtain a 
good solution. 

For example, consider a small object in a large container of gas, such as is shown in figure 
3.6. Experiments like this are used to calculate gas density by measuring the effective mass 
difference between artefacts of differing volumes but the same true mass and surface area. If 
the large container is hotter at the bottom than at the top, the change in density of the gas with 
temperature will cause the gas to flow upwards, as shown in figure 3.6. The details of the gas 
flow around the small object will then affect the subsequent density calculation, and so the 
metrologist is interested in the flow around the small object. A full model of this situation 
would require a model of the fluid flow and heat flow including simulation of convection, and 
would simulate the whole of the large container of gas.  
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Figure 3.6: Example of the gas flow expected in an experiment to calculate air density. 

The fluid flow in most of the container will be uniform and of constant velocity, driven by the 
temperature difference between the top and bottom of the container. The two regions where 
the flow will not be uniform are the edges of the container and the area around the small 
object. Of these, only the area around the object is of interest to the metrologist. Hence 
instead of using a full model, a smaller region was chosen. The borders of this region were 
chosen far enough away from the small object and the edges of the container that the uniform 
flow assumptions were reasonable, but close enough to the small object that the domain size 
was much smaller than that of the full problem. A typical set of results are shown in figure 
3.7. The results nearest to the artificial wall would be ignored as they are not of interest and 
are unlikely to affect the flow around the object. 

Figure 3.7: A sample set of velocity results from the model on a reduced domain. 

For many models (particularly high-frequency electromagnetic and acoustic problems), 
defining infinity as “sufficiently far away” still leads to an excessively large computational 
domain. Alternative techniques are needed for the boundaries of such models. In some cases, 
reformulation of the governing equations can remove the need to consider the boundary at 
infinity. This technique is commonly used to rewrite the Helmholtz equation as a surface 
integral equation rather than a pde. Some problems can be limited to a domain lying inside a 
reflectionless artificial boundary, which can be interpreted numerically in a number of ways 
[12, 13]. Some techniques, such as infinite elements, are applied during the discretisation 
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process. Such techniques generally involve making an assumption about the behaviour of the 
field variable as the position tends towards infinity.  

3.3 Domain properties 
Domain properties are usually the physical properties of the materials that make up the 
domain of the model. In many cases, these quantities are the problem parameters, but since 
the model cannot be solved without them, they are model variables. The most common 
decision that needs to be made when defining domain properties is whether to regard them as 
constant or use a more complicated model.  

The most common assumption used in modelling domain properties is that the domain being 
modelled has constant, uniform, isotropic properties. This assumption usually leads to a 
simpler form of the differential equation and can produce a linear governing equation instead 
of a non-linear one. However, sometimes constant isotropic properties do not result in 
accurate predictions, so thought should be given to the alternatives. 

Domain properties can depend on a variety of different quantities, depending on the property 
and the governing equation. Some common examples are: 

� dependence on location, 

� temperature dependence (most material properties display this to some degree but in 
some cases it can be neglected), 

� pressure dependence (e.g. density of a gas depends on temperature and pressure), 

� dependence on strain and strain rate (plasticity properties of materials undergoing 
deformation are often strain or strain rate dependent) 

� frequency dependence (particularly in electromagnetic and acoustic applications) 

Some domain properties are written as time-dependent quantities. Care should be taken when 
using such formulations to ensure that the model uses elapsed time, which requires that a 
definition of t = 0 is stated clearly. If possible, the model should be reformulated so that the 
properties are dependent only on state variables rather than coordinate variables (see section 
2.1 for definitions). For example, one of the most common models used for metal creep is 

,tA
dt

d mncr σε
=  

where t is time, εcr is the creep strain, σ is some property of the stress tensor (usually the 
second invariant), and A, n, and m are model parameters. This model can be rewritten as 

( )[ ]{ } ,mA
dt

d mm
cr

ncr 1
1

1 ++= εσ
ε

 

which is a preferable form as it defines the creep strain in terms of state variables and so is 
independent of a frame of reference and coordinate system. McCartney [14] gives a deeper 
explanation of why this is important. 

In some cases, the domain properties may be expressed in a form that makes them difficult to 
substitute into the governing equations. The properties may be in implicit form or may be 
differential equations themselves. In such cases it is better to consider the governing equations 
and the domain properties as forming a system of equations rather than attempting to form a 
single more complicated equation.  

Empirical models are commonly used for modelling domain properties, because models of 
domain properties are usually derived from measurement rather than theory. Several 
important points should be remembered when using such models. 
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The first point is that empirical models should not generally be used outside of the range of 
the data from which they are derived. For instance, if a model of the dependence of thermal 
conductivity on temperature is derived from measurements made at 293 K, 323 K, and 373K, 
it should not be used to predict the thermal conductivity at 673 K unless there is an excellent 
reason for believing the model to be reliable at that temperature. It is better to use a constant 
value taken from measurement than the predictions of an empirical model based on data 
collected at unsuitable points. This point is particularly important if the model contains 
functions such as negative powers or logarithms that become singular as the variable tends 
towards zero. 

The second point is that it may be possible to simplify an empirical model if the data on 
which the model is based was collected over a much wider range of variables than would 
occur in the model. For instance, suppose that a sixth order polynomial is being used to 
describe the behaviour of some quantity k(x) for 0 ≤ x ≤ 100, but that in the model x only 
varies between 12 and 13. Then it may be possible to use a linear model for k, which would 
make the model easier to solve.  

Finally, if the domain properties are defined as a function of coordinate variables (i.e. position 
or time), an origin for the coordinates must be clearly stated. Often an origin is specified when 
the domain is defined, but in some cases it may be more useful to specify a local origin for 
definition of properties since this can result in a more numerically stable expression. 

Anisotropic properties have become more common as the use of laminate and fibre-reinforced 
materials has become more prevalent. Such materials are usually designed to have specific 
properties that make them suitable for particular applications, so their properties are often 
sufficiently well-characterised that a reliable model is available. Similarly, piezoelectric 
materials often have well-characterised properties that are uniform in a plane but vary in the 
out-of-plane direction (this is called transversely isotropic behaviour). 

Some materials cannot easily have their properties modelled in anything but a statistical 
sense. Examples of such materials include solids with embedded particles (e.g. rubber-
toughened materials), particulate mixtures (such as gravel and concrete), biological tissue 
(which has too complex a structure to model in detail), and other multi-phase mixtures. These 
materials are usually characterised using averaged properties, but it is important to remember 
that the local properties of such materials can be very different from the averaged properties, 
and so the detailed model predictions may not describe a real situation well. 

It should be noted that material properties can often be difficult to obtain, particularly if the 
material in question is not being used in its unprocessed form. For example, the physical 
properties of a bulk material, a thin film of that material, and fibres or wires made from that 
material are likely to vary widely. Similarly, the properties of a thin film usually depend on 
how the film was created, since the creation method affects the microstructure and the 
microstructure affects the physical properties.  

This difficulty should be taken into account during model building. Care should be taken to 
obtain material properties that are appropriate to the application, where possible. Sensitivity 
tests (such as response surface analyses) should be carried out to explore the importance of 
the relevant properties, if computationally feasible. If neither of these options are possible, the 
difficulty should be noted and reported as an assumption made during the model building 
process so that any subsequent decisions based on the model results take the limitation into 
account. 

3.4 Boundary conditions 
The boundary conditions of a model identify the unique solution to the particular problem of 
interest out of all of the possible solutions to the governing equation, given the domain 
properties. The number of boundary conditions that must be specified for a model to be 
solvable are related to the order of the differential equation and the number of space and time 
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dimensions. Boundary conditions are usually generated either from measurement data or from 
making assumptions about the model. 

The most common forms of boundary condition used in pde problems are: 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ),t,ht,u.t,bt,ut,a
,t,gt,u.

,t,ft,u

conditionsRobinon
conditionsNeumannon

conditionsDirichleton

Ω∂=∇+
Ω∂=∇

Ω∂=

xxnxxx
xxn

xx
 

where ∂Ω is the boundary of the domain, n is the normal to ∂Ω, x denotes position, t is time, 
a, b, f, g, and h are all functions of position and time, and u is the unknown in the governing 
equation. Dirichlet and Neumann conditions are special examples of the more general Robin 
conditions. Another way of writing the Neumann conditions is 

( ) ,t,g
n
u

Ω∂=
∂
∂ onx  

where ∂u/∂n is the “normal derivative” of u. 

Boundary conditions that are derived from measurements are most likely to be Dirichlet 
conditions, although in some case (such as acoustics) the measured quantity can be a 
derivative of the unknown of the governing equation. Boundary conditions that are derived 
from assumptions about the model are commonly either Dirichlet conditions or Neumann 
conditions. For instance, an assumed “no flow” boundary condition for a thermal problem 
would be ∂T / ∂n = 0, a Neumann condition, and the symmetry assumptions mentioned in 
section 3.2.2 specified the displacements on the boundaries, a Dirichlet condition.  

Some boundary conditions do not fit into either category, such as the friction condition used 
in contact analyses, which has 

( )nnFFnF .. −=µ   

where F is a force, n is the normal to the surface and µ is the coefficient of friction. Whilst 
this expression specifies the ratio of the normal and tangential forces at the boundary, it does 
not specify their values. Another common example is the Stefan-Boltzmann model for 
radiative heat transfer, which has 

( ),TTA
n
T 4

amb
4 −=

∂
∂ εσλ   

where T is the temperature of the radiating body in K, Tamb is the ambient temperature in K, A 
is the surface area, ε is the emissivity, σ is the Stefan-Boltzmann constant, and λ is the thermal 
conductivity.  

Sometimes boundary conditions are given in the model that it is difficult or impossible to 
implement in a numerical formulation. A common example of this phenomenon is the 
assumption of stress-free boundaries. The normal stress on any surfaces of a body undergoing 
deformation that are not under direct load or constraint is generally assumed to be zero. 
Whilst this assumption can lead to useful analytic solutions, it is difficult to implement in 
most finite element packages, where boundary conditions are prescribed as displacements or 
forces rather than stresses. 

Ode models can be divided into two broad classes according to how their boundary conditions 
are specified. Suppose the governing equation and domain for an ode of order N are 

( )( ) ( )( ){ }( ) ,bxa,x,N,...,,j,xfFxf jN ≤≤−== 110   

where f and F could be vectors (as in section 3.1). Then an initial value problem (IVP) 
specifies all of f, f(1), f(2),…, f(N-1) at either a or b, whereas a boundary value problem specifies 
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some conditions at a and some conditions at b. For example, if the governing equation and 
domain were 

( )( ) ( ) ,x,xfxf 2002 π≤≤=+  

then an IVP with the solution sin(x) could have boundary conditions  

( ) ( )( ) ,f,f 1000 1 ==   

and a BVP with the same solution could have boundary conditions 

( ) ( ) .f,f 1200 == π  

In general, BVPs are more difficult to solve than IVPs. It should be noted that not all BVPs 
can be solved: in particular, nonlinear systems may not have a solution.  

One of the difficulties encountered when defining boundary conditions in more than one 
dimension is knowing how to define conditions at the point where two different parts of the 
boundary meet. For example, consider a box filled with fluid with a lid that is moving with 
constant velocity, as shown in figure 3.8.  

Figure 3.8: A fluid-filled box with a lid moving at constant horizontal velocity U. 

There is no flow through the walls of the box, so if u is the horizontal component of fluid 
velocity, u = 0 on x = 0 and x = L, 0 ≤ y ≤ H. The lid is moving with constant velocity, so if 
the fluid is moving at the same velocity as the wall (a “no slip” condition), u = U on y = H, 
0 ≤ x ≤ L. This means that the horizontal velocities at x = 0, y = H and x = L, y = H are ill-
defined.  

Physical considerations show that the horizontal fluid velocities should be zero at both of 
these points, or there will be fluid entering and leaving the box as opposed to purely 
circulatory flow. In general, if there are two possible contradictory boundary conditions that 
could be applied at a point, physical considerations should be used to choose between them. 

3.5 Model parameters and variables 
Section 2.2 explained that model variables are the quantities that need to be known for the 
governing equation to be solvable, and that the parameters are the solution of the governing 
equation at some set of points in the domain. A good choice of parameters can lead to 
significant benefits in terms of model stability and conditioning. These issues are discussed 
further in section 4.3. 
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The main decision that needs to be made regarding these quantities when building the model 
of a problem is the choice of units. In general, the choice of units for a model is driven by 
common sense: there is no point modelling the deformation of a structure whose dimensions 
are in millimetres using length units of metres. Some choices are slightly less clear-cut: if a 
transient thermal model is entirely linear (including its domain properties and boundary 
conditions) then it may be worth using the temperature difference from some average or 
initial value as the model parameter, particularly if the expected values of the temperature 
difference are only small.  

Care needs to be taken when transforming between sets of units, particularly for empirical 
models. For example, suppose that the yield stress of a material, σY, is related to the strain rate 
r through the expression 

( ),rBAY ln+=σ   

where A and B are constants. Suppose that experiments have been carried out to obtain values 
for A and B that measured σY in MPa and r in s-1. If the model uses units of mm, ms, and g, 
then the values must be changed, to A* and B* say. It can be shown that MPa are the 
appropriate unit of stress for this choice of base units, so only the change of units for the 
strain rate needs to be considered. Let the strain rate in ms-1 be r*. Then r* = 10-3r, and so 
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where A* = A + 3Bln(10) and B* = B. This is not an intuitively obvious transformation. 

Some models are best defined in terms of a non-Cartesian coordinate system, or in terms of 
more than one local coordinate system. Polar coordinate systems are useful where the domain 
geometry has rotational symmetry, but care must be taken with points around the origin 
because some differential operators become singular as r → 0. Local coordinate directions 
can be useful for definition of anisotropic materials or for accurate definition of curved 
domains. A well chosen coordinate system can give a better description of the physical 
problem and can improve the conditioning of the model. 

3.5.1 Variable uncertainties 
All measurements have associated uncertainties. In particular, the measurements of model 
variables will have uncertainties associated with them. These uncertainties will produce 
corresponding uncertainties associated with the model parameters. This is true of both 
discrete and continuous models, and the sections in the discrete modelling BPG [4] on error 
structure and statistical models for measurement error are relevant to model variables for both 
types of model, so their advice will not be repeated here. 

Calculation of the uncertainties associated with the parameters of continuous modelling 
problems is a complicated subject that will not be addressed in depth here. The main 
complications are: 

� the model parameters and the problem parameters are not always the same (see 
section 2.2), 

� the standard approach as detailed in the Guide to Uncertainty in Measurement (GUM) 
[15] is often not applicable, 
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� the computational effort required to solve many continuous models is sufficiently 
large to make sampling methods such as Monte Carlo simulation unsuitable. 

These complications have led to the development of a range of techniques for calculating 
uncertainties associated with continuous model parameters efficiently. A report was published 
as part of the second SSfM programme [2] that explains most of the main issues and methods, 
and readers are referred to that report for more detail. 

The main conclusions of the report [2] are: 

� the GUM approach [15] is suitable for some models, and can be a good way of 
providing rough estimates from simplified models prior to using more complicated 
models requiring more advanced methods, 

� sampling methods are readily applicable to continuous models, but the computational 
expense of some models can mean that it is preferable to use methods other than MCS 
to produce uncertainty estimates, 

� some analytical techniques (e.g. stochastic differential equations, response surface 
methodologies, series expansion methods, etc.) can be useful, but often they require 
high-level mathematics to implement them, 

� some problem-specific methods are available, for instance statistical energy analysis, 
but these methods cannot always be applied to every type of problem. 

The point mentioned above concerning computational expense of sampling methods is 
gradually becoming less of an obstruction. Sampling methods generally involve calculating 
several thousand solutions of the model independently using randomly chosen input values, 
so the time-consuming part of the calculation involves a large number of independent 
repetitions of the same solution process. This independence of the repeated step makes 
sampling methods ideal for solution using a distributed computing network, and some work 
[16] has been carried out using parallel processing for the repetitive runs. 

The first case study in section 8.1 of this report uses a response surface and several sampling 
methods to investigate the sensitivity of the model results to the domain properties. See this 
section for more detail on sampling methods.   
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4. Model solving 
In the discrete modelling BPG [4], model solving is defined as  

“the process of determining from data gathered from a measurement system, a particular 
model that adequately represents the system behaviour. Constructing the model space [i.e. 
model building] is concerned with defining where we should look to define the behaviour; 
model solving is concerned with selecting the best candidate from the options defined by the 
model space”.  

The same statement is true of the model solving process as defined here for continuous 
models. A schematic of the processes is shown in figure 4.1. The model building process 
creates a general definition of the model. Variable values, known from measurement or other 
prior knowledge, are used to define a specific model. The specific model is then solved to 
give parameter values. 

Figure 4.1: Schematic of the model building and solving process.  

The most general strategy for solving a continuous model is to split the domain into small 
regions and make assumptions about the behaviour of the solution within each small region. 
These assumptions will rely on a set of local parameters, generally the solution values at some 
set of points within the small region. The subdivision of the domain is usually called the 
mesh, and the points at which the solution is evaluated are called the mesh points. If the 
governing equation is an ode, the distance between two adjacent mesh points is called the step 
size.  

When the assumptions are applied to all of the small regions, a set of simultaneous equations 
whose unknowns are the set of all the local parameters will be produced. This process is 
called discretisation. This set of equations is generally of the form Ax = b, or sometimes 
Ax = λx, although other forms exist. Often if the equations are non-linear they are locally 
linearised so that they are in the form Ax = b. The matrix of equations can then be solved 
using standard linear algebra techniques.  
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The most important properties of a good solution method are discussed in section 4.1. The 
assumptions that underlie some of the most common solution methods used in continuous 
modelling are described in section 4.2. The methods themselves will be described more fully 
in section 10. 

Semi-analytical solutions are discussed in section 10. These solution methods make an 
assumption about the dependence of the solution on one or more of the coordinate variables, 
and derive a simplified form of the governing equation as a result. Such methods can be good 
way of imposing a known behaviour on a solution. 

4.1 Solution method properties 
The main property that a good solution method must have is that of convergence. Suppose 
that the governing equation is of the form 
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where D and L are differential operators representing the governing equations and the 
boundary conditions respectively, possibly involving material properties and other 
parameters, and f, g, and u0 are known functions. Then a solution method for this problem 
could produce an approximate solution U = {Uj

n : j = 1, 2,…, J, n = 0, 1,…, N} at a set of 
mesh points {xj, tn} by 
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where A, B, F, and G are matrices and UB = {Uj
n : xj lies on ∂Ω}. This method will be 

convergent if  

( ) N,...,,n,J,...,,j,Ut,u n
jnj 10210 ==→−x  

as J and N increase, where tN = tF, and the xj are distinct points in Ω. This property ensures 
that the calculated solution converges to the true solution as more mesh points are used.  

Some valid models contain singularities, for instance models describing cracked materials 
include a stress singularity at the crack tip. If a singularity is present, it may not be possible to 
achieve convergence as defined here. It may be possible to consider the convergence of a 
quantity that avoids the singularity instead. Results in the immediate vicinity of the 
singularity could be ignored if they are unlikely to be of interest. It may be possible to 
examine the convergence of a function of the result such as a surface integral, since these 
quantities are often bounded even though the integrand values are infinite. 

Two other properties are useful, and are easier to prove than convergence: consistency and 
stability. For well-posed linear problems, a solution method that is consistent and stable will 
also be convergent. 

Stability is a property of solution methods used for time-dependent problems and initial value 
problems in odes, and it ensures that if a model’s variables are perturbed, the resulting 
perturbations in the model solution will be bounded. Formally, if two problems have initial 
conditions V0 = {V0

j, j = 1, 2, …, J} and W0 = {W0
j, j = 1, 2, …, J} then a zero-stable method 

has 

,tt,K Fn
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where K is a constant independent of the choice of xj and tn. This is an important property for 
a solution method because finite precision arithmetic will always cause perturbations during 
the solution procedure, and if these perturbations can grow without bound then the errors will 
swamp the true solution. In general, a method is only stable for certain choices of time 
increment, usually related to the domain properties and the choice of xj. There are a number 
of other kinds of stability that define conditions on the properties of a method that will lead to 
zero-stability, and generally these conditions are easier to prove than proving zero-stability 
directly. 

Consistency ensures that the local error caused by approximating a continuous quantity by a 
set of discrete values tends towards zero as more and more values are used. A consistent 
method will have  

( ) 0→− n
jFAu   

as J and N increase, where u is the matrix of the exact solution evaluated at the points (xj, tn). 
This is equivalent to the property of consistency as defined for estimators in discrete 
modelling [4]. 

In general it is not necessary to prove the convergence of a method such as finite element 
analysis or finite difference schemes, as such methods are well-established and have already 
been thoroughly analysed numerically. However, there are problems that feature sufficient 
nonlinearity that non-convergence can cause a problem so it is important to be aware of the 
possible issues. 

4.2 Derivation of methods 
This section briefly describes the assumptions that underlie some of the most common 
methods of continuous modelling. Note that there are circumstances under which the 
assumptions made can produce the same set of linear equations derived using different 
methods. The methods are discussed in more detail in section 10, and an alternative 
explanation of how these assumptions are arrived at is given in section 4.4.  

4.2.1 Assumptions of finite element and boundary element methods 
Finite element and boundary element methods make an assumption about the behaviour of the 
model parameters within a small region of the domain. It is assumed that the behaviour of the 
parameter within the small region can be written as a function (usually a polynomial) written 
in terms of the values of the parameter at fixed points in the region. In the simplest case, it is 
assumed that the parameter is constant within each element (this is more common in boundary 
element methods than finite element methods). For further explanation, see sections 10.1 and 
10.2. 

The assumption breaks down if the parameter does not vary in the manner assumed over the 
small region. This is particularly likely in areas of rapid change of parameters, where it is 
often necessary to use small elements or high-order approximation to describe the behaviour 
correctly 

4.2.2 Assumptions of finite volume methods 
Finite volume techniques write the rate of change of some quantity within each small region 
in terms of the fluxes of the quantity across the boundaries of the small region. This technique 
assumes that the quantity is constant within each region and that the fluxes are constant within 
each boundary. The most commonly used quantities are mass, momentum, and energy. For 
further explanation, see section 10.3. 
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The assumption breaks down when the quantity or its fluxes vary within the small region. If 
this occurs, regions can be subdivided but such problems quickly become computationally 
intensive. 

4.2.3 Assumptions of finite difference methods 
Finite difference methods are based on the assumption the solution can be expanded as a local 
Taylor series. This assumption means that the value of a parameter Q at a point x + ∆x can be 
written in terms of its value at a point x, so that 
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Similar expressions using partial derivatives apply for functions of more than one variable. 
Expressions of this form are then combined to obtain approximations to the derivatives of the 
parameter Q. The assumption that the Taylor series is valid means that the higher-order terms 
in ∆x must be sufficiently small, or the series will not converge. The majority of methods 
used for ordinary differential equations also rely on this assumption. For further explanation, 
see sections 10.4 and 10.6. 

The assumption breaks down when the higher-order derivatives of the function become large, 
or when the derivatives do not exist. For instance, step-change functions cannot be expanded 
as a Taylor series in the region where the change occurs since the derivative is infinite there. 

4.2.4 Assumptions of semi-analytic methods 
Semi-analytic methods usually make assumptions about the dependence of the solution on 
one of the coordinate quantities, and then use the assumed form to produce a simplified 
version of the governing equation. Some of the most common assumptions are discussed 
further in section 10.5. 

4.2.5 Time dependence 
Time can be treated in the same way as other coordinate variables, so for instance a transient 
job could be modelled using finite elements in the time dimension as well as the spatial 
dimensions. However, this is not a common approach since it can lead to unnecessarily 
computationally intensive problems. The most common approaches to modelling time-
dependent problems are semi-analytic methods and finite difference methods.  

It is often only necessary to consider periodic solutions to a time-dependent problem, or those 
that decay to zero as time passes. If that is the case, then a semi-analytic solution based on a 
sum of the form 
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where the kn and lm are constants determined from knowledge of the periodicity or decay time 
constant, or from any time-dependence of the boundary conditions, and fn and gm are the 
functions to be determined. Substitution of these forms into the governing equation and using 
the independence of the terms in the sum gives a set of N or M new governing equations. The 
functions fn and gm can then be determined using any method suitable for solution of the new 
governing equations. 

The forms are the truncated discrete equivalents of the Fourier and Laplace transforms that 
can be used to look for analytic solutions. The use of the periodic solution is particularly 
useful for wave transmission problems, since the frequency for such problems is usually 
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known. The case study in section 8.2 uses a periodic solution to examine transmission of 
underwater sound waves. 

Finite difference methods are particularly useful for problems with many mesh points  that do 
not require the solution to be known at many intermediate times. Approximation of a second 
derivative using finite differences requires three values, and approximation of a first 
derivative requires two. It is unusual for derivatives of above second order with respect to 
time to appear in physical models, although they do occur in some applications such as 
nonlinear acoustics. Hence the majority of time-dependent models can be solved using the 
solutions at the two previous time steps to calculate the solution at the next time step. This 
means that the solution does not need to be stored at every time step, which is a significant 
advantage in terms of computer memory. It is common for commercial finite element 
packages to do all of their time-dependent calculations using finite differences.  

Finite difference methods can be divided into two broad classes: implicit and explicit. 
Explicit methods express the solution at some mesh point xj at a time tn in terms of the 
solutions at all of the mesh points at times 0 = t0, t1, …, tn-1, usually via an iterative definition 
so that only the previous few steps are required to calculate the new value. Implicit methods 
express the solution at some mesh point at a time tn in terms of the solutions at all of the mesh 
points at times 0 = t0, t1, …, tn-1, tn. These definitions mean that solving a model using an 
explicit method for the time dependence does not require inversion of a matrix, since all of 
the unknown parameter values are expressed in terms of parameter values that have already 
been calculated. In contrast, the use of an implicit method will require a matrix inversion, 
because the unknown parameter values are inter-dependent. However, the use of an explicit 
method often imposes stability restrictions on the maximum time step that can be used. This 
restriction is discussed further in section 4.3.1.  

4.3 Accuracy of results 
There are two definitions of accuracy that are relevant to continuous modelling. One measures 
how well the model describes reality, and one measures how well the solution to the 
discretised model approximates the solution to the problem posed at the end of the model 
building process. The first type of accuracy will not be addressed here. It is a model 
validation issue rather than a model solving issue. Model validation is discussed in section 6. 

It was stated in section 4.1 that the solution obtained using a convergent method gets closer to 
the solution of the original differential equation as the number of mesh points used in the 
approximation increases. In theory, this means that the more points are used, the better the 
solution will be. In real applications, this is not always the case. The choice of mesh points 
has an effect on the accuracy of the solution, and in some cases the problem may be such that 
a method only produces a convergent solution for an unacceptably small range of meshes. 
These problems are usually connected with stability and occur because the governing 
equation is a stiff system. Stiffness will be defined and discussed below. 

In general, a mesh with a good choice of points has a large number of points in areas where 
the gradient of the solution is changing rapidly, the elements defined by the points are of more 
or less the same size, and the elements are close to the “ideal” shape for their type. 

The solution at any given mesh point is dependent on the solution at the mesh points to which 
it is connected. Areas of rapidly changing gradients require a lot of points because the 
solution gradient is more or less constant between two adjacent points, so for regions of rapid 
change to be described accurately there must be a lot of points close together. 

If some adjacent mesh points are very close together and some are very far apart, the resulting 
matrix of equations is likely to contain some very large and some very small elements. It is 
likely that the small matrix elements will either be neglected during the solution procedure, or 
that they will become swamped by the rounding errors, which can lead to an inaccurate 
solution. Hence all of the elements in a good mesh should be approximately the same size. 
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Finite elements are usually required not to deviate too far from canonical shapes such as right-
angled triangles, squares, and cubes. Deviating from these recommendations often leads to an 
ill-conditioned matrix or other stability problems, caused by ill-conditioning of the coordinate 
transform described in section 10.1. Some methods require the mesh points to be distributed 
in a particular way. Finite difference methods and finite volume methods both work best 
when the grid is uniformly spaced in each direction, although multi-grid techniques can be 
used if extra detail is required in some regions. Finite difference methods and finite volume 
methods are usually only applied to problems that can be described by evenly-spaced 
orthogonal grids. 

4.3.1 Well-posedness, conditioning and stiffness 
Well-posedness is a property of the continuous model. It is the equivalent to stability of a 
solution method as defined in section 4.1. If a model is well-posed, perturbing its variables 
will lead to bounded perturbations in its solution. Well-posedness is equivalent to model 
conditioning as defined in the discrete modelling BPG [4]. 

It was stated in section 4 that most continuous modelling methods lead to a set of 
simultaneous linear equations. Hence the numerical accuracy of the solution will depend on 
the conditioning of this linear algebra problem. This conditioning can be analysed using the 
methods described in the discrete modelling BPG [4]. In summary, if the matrix associated 
with the problem has singular values s1 ≥ s2 ≥ … ≥ sn, then the larger the value of s1/sn, the 
worse the conditioning of the matrix.  

Ill-conditioning of a matrix can be linked to the idea of stiffness of a system of odes. Stiffness 
is a phenomenon of the differential equations rather than of the method used to solve them. It 
cannot be defined in strict mathematical terms, but its main effect is that a solution method 
applied to a stiff system is only stable for an excessively restrictive range of step sizes. 
Excessively restrictive in this case means that the step size is much smaller than the 
smoothness of the solution being approximated. 

As an example, consider the following system of equations and boundary conditions: 
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where C and D are arbitrary constants and k is a positive constant with k > 1. This problem 
has the analytic solution 
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and so for large values of k there will be a short initial period where both exponential terms 
affect the solution, but as x increases both solutions behave like e-x.  The simplest finite 
difference model for solving a problem like this is 
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where h is the step size, and yi
n is the approximation to yi at xn = nh. This method could be 

written as 
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and so if the method is applied repeatedly,  
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A can be written as A = Q-1SQ, where Q is an orthogonal matrix and S is diagonal, so that An = 
Q-1SnQ. For the matrix given above,  
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and so the boundedness of An as n increases depends on the size of 1 – hk and 1 – h. Since 
k > 1, the first of these is the greater restriction. Stability requires that |1 - hk| < 1, so the 
restriction on the step size h is 

,kh 20 <<   

which is a severe restriction for large values of k, particularly for large values of x where the 
e-kx term no longer has any significant effect on the solution.  

Going back to the original ode system, it can be written as 
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a singular value decomposition. The key feature of a decomposition like this is the ratio of the 
largest singular value to the smallest, which in this case has the value k.  As with the 
definition of ill-conditioning of a matrix, the larger this ratio is, the worse the stiffness 
problem is. If all of the eigenvalues of the matrix defining a linear system of odes have 
negative real parts and the ratio of the largest value to the smallest is large, the system will be 
stiff.  

This is the simplest possible example of a stiff system. A better choice of solution method 
would have led to a less restricted choice of step sizes, but there are equations for which most 
explicit methods impose strong restrictions on the step size. A more thorough discussion of 
such systems, including stiffness in nonlinear systems, can be found in “Numerical Methods 
for Ordinary Differential Equations” [17]. 

4.4 Discretisation methods and estimators 
The key concept in solution of discrete models, defined in the discrete modelling BPG [4], is 
that of the estimator. An estimator is defined as a scheme for producing an estimate of the 
model parameters from the model variables. In general, estimators are written as the 
minimisation of an error function that gives a measure of how well the model results match 
the measured behaviour. Different estimators use different error functions. 

The key concept in solution of continuous models is the creation of a discretised system of 
equations. This creation process is, in some ways, very similar to the choice and application 
of an estimator. Suppose that the model is of the form 
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where A and B are differential operators, Ω is a closed domain with border ∂Ω, u is the 
unknown quantity, and x are the coordinate variables. Then if v(x) and vB(x)are any functions 
defined on Ω and ∂Ω respectively, it must be true that  
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because all of the terms in the integrals must be zero. The discretisation process writes 
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where the aj are parameters and the φj are basis functions, usually defined over a subdivision 
of the domain. This approximation means that the equation (4.1) above can no longer be true 
for all functions v and vB. Hence in order to seek an estimate of the parameters aj, a version of 
(4.1) where v and vB are restricted to a chosen class of functions is developed. Writing 
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where the bj are arbitrary parameters and the wj and wj
B are weighting functions, and 

substituting (4.2) and (4.3) into (4.1),  
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Since the bj are arbitrary constants, the bracketed term must be zero for each j, so 
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which is a set of N equations that can be used to determine the parameters aj in (4.2) above. It 
is common, but not necessary, to choose the wj and wB

j to be the same set of functions. 
Different discretisation methods use different choices of basis and weighting functions to 
generate different systems of equations for the same problem. The choice of functions is 
equivalent to the assumptions made about the solution behaviour in the small mesh 
subdivisions as described in section 4.2. 

Zienkiewicz and Taylor [18] point out that since A(U) is the residual error produced by using 
an approximation to u in the governing equation and B(U) is the residual error produced by 
using an approximation to u in the boundary conditions, the expression (4.4) is a weighted 
sum of residuals, a measure of how well the model matches the true solution.  

The process of solving the model is the process of choosing a set of basis functions and 
weighting functions, and minimising the weighted sum of (4.4) to generate a set of equations 
that can be solved for the unknown model parameters. This process is analogous to the choice 
and minimisation of an error function that generates the equations to be solved during the 
solution of discrete models. 
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5. Software implementation 
This section discusses the issues surrounding software implementation of continuous 
mathematical models. The main choice that must be made is whether to use a pre-written 
package for the modelling process, or to write a piece of software specifically for the 
problem. The factors affecting this choice are discussed in section 5.1 and 5.2. Section 5.3 
discusses some points of relevance to the application of both types of software to metrology 
problems. 

5.1 Generic software 
Generic software falls into two broad classes: software that solves problems defined in 
physical terms, and software that solves problems defined in mathematical terms.  

The majority of commercial finite element packages define problems in physical terms. Such 
packages enable the user to define the domain properties and boundary conditions in physical 
terms, and do not require the user to know the governing equations that are being solved. 
Often these packages also include pre- and post-processing routines that help the user to 
define the problem and the mesh and explore the model results via a graphical interface. 

The main advantage of packages using physically-defined problems is their usability, 
particularly for people from a non-mathematical background. In general the full 
documentation supplied with such packages includes a theory manual giving a mathematical 
definition of the governing equations and the models used to define the boundary conditions 
and domain properties, but an understanding of these definitions is not always necessary for 
use of the software. However, the lack of this understanding can make the identification and 
improvement of inaccurate results difficult. An understanding of the mathematical definition 
of a model usually leads to an understanding of the most likely causes of inaccuracy and 
instability. 

Packages that define problems mathematically tend to be part of a larger more general 
package such as the NAG library [8] or Matlab [9], or standalone routines without a graphical 
interface such as those listed in Netlib [19], although this is not always the case. For example, 
the finite element package COMSOL Multiphysics (formerly Femlab) [20] allows the user to 
express the problem in physical or mathematical terms, including a weak formulation option, 
but has a graphical user interface and an automatic mesh generator.  

Software that defines problems in mathematical terms is often considerably more flexible than 
that defined in physical terms. Equations can be defined more generally in mathematical 
terms than physical ones. This may be of limited benefit in many cases, since the majority of 
problems in metrology can be defined in physical terms, but there are exceptions. In some 
cases, simplification or transformation of a common physical model can lead to a new 
differential equation that requires software defined in mathematical terms to solve it. 
Similarly, if a new model has been developed for a domain property it may only be possible 
to solve using software that defines problems mathematically.  

Some software packages that define problems physically can accept user-supplied software 
routines that define domain properties or boundary conditions. For instance, the Abaqus finite 
element package [21] has an option for user-defined materials that requires the user to supply 
a Fortran routine to calculate the stress increment for a given strain increment, enabling new 
material models to be created. Such options enhance the flexibility of the software, but they 
often require a high level of technical expertise.  

The benefits of using generic software are that the software is usually robust, easy to use, and 
it generally uses best-practice algorithms for solution of large matrix problems. In addition, 
the support services for such software are often excellent, including user groups as well as 
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support by the software suppliers, and in most cases extensive testing of the software has been 
carried out.  

The main disadvantages of generic software are that the software is usually a black box, so no 
detailed knowledge of the algorithm is available, and in general few details of testing 
procedures are available, so fitness for purpose cannot be guaranteed. This issue is discussed 
further in section 5.3. The test and example problems usually supplied with software can give 
some idea of the range of problems it is designed to solve, but sometimes these problems are 
too simple to show fitness for purpose definitively. Another disadvantage is that some 
properties of the results that are useful to the mathematician more than the engineer, such as 
derivatives and Jacobians, are not easy to obtain. 

5.2 Custom-made software 
The development of high quality multi-purpose software for solution of continuous models is 
a time-consuming and difficult process, and in most cases generic software is the better 
choice. However, custom-made software is very useful for three types of problem: 

� problems with a simple solution procedure that are to be run repeatedly,  

� complicated problems that are beyond the scope of generic software, and 

� problems requiring more than parameter estimates from the software. 

Problems involving multiple solutions using a simple procedure can often be easier to 
automate if they are solved using custom-made software. Common examples include Monte 
Carlo simulations, variable sensitivity analyses, and optimisation problems such as those 
produced when model parameters and problem parameters are not the same. Custom-writing 
the software generally means that the creation of inputs for each model run and the 
accumulation of the desired results are more straightforward to carry out than the equivalent 
tasks using generic software.  

Some problems are beyond the scope of generic software and hence custom-made software is 
the only possible choice. Even though generic software exists that can solve a wide variety of 
problems, there are still some problems that need custom-made software. Such problems 
commonly occur when semi-analytic methods are used. It is often more simple to create a 
single piece of software to take in the variables and derive and solve the simplified version of 
the model from the assumptions of the semi-analytic method, than it is to derive the simplified 
model and its variable values by hand, enter them into some generic software for solution, and 
post-process the results to obtain the model parameter values. 

If more information than just parameter estimates is required by the user, custom-written 
software may be the best choice. Custom-written software is more likely to have source code 
access and so it is more straightforward to obtain other results such as error estimates, 
condition numbers, or sensitivity coefficients. Similarly, if the user wishes to have high 
degree of control over the solution procedure (for instance if a solution of known accuracy is 
required), then custom-written software may be preferable. 

Custom-written software can benefit greatly from library software, particularly for the 
solution of large matrix problems. The solution of the matrix of equations is probably the step 
in the solution where choice of algorithm is most crucial for obtaining an accurate solution. 
Many library routines exist that provide good solutions and estimates of condition numbers, 
and it is advisable to use them where possible.   

The main disadvantage of custom-written software is the time it can take to write and test it. 
In some cases this time is repaid when the software is used, but it is always worth considering 
whether generic software is available that could do the job. Another possible disadvantage is 
the lack of pre- and post-processing software. Packages such as Matlab, Excel, and IRIS 
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Explorer can be used to generate input variables and post-process results if the input and 
output file formats are chosen carefully, so this need not be a problem.  

5.3 Issues common to both types of software 
The most important issue affecting good practice in continuous modelling software 
implementation is testing. All the software used in model development, model solution, and 
interpretation of the model results needs to be tested as far as possible, including any 
visualisation software. Guidance has been developed during previous SSfM programmes on 
good practice for testing software [22, 23]. In particular, a methodology has been developed 
that tests software for fitness of purpose in an objective manner. The methodology relies on 
treating software as a black box and using reference results and a well-chosen metric to 
express the accuracy of the test results.  

Pre- and post-processing software is particularly important for continuous modelling 
software. An accurate solution to a continuous model requires a good choice of mesh, and so 
a good pre-processing package is very important. A typical continuous model produces results 
at a large number of points in the domain, and these results can be difficult to interpret 
without the visualisations produced by post-processing software. 

5.3.1 Pre- and post- processing software 
Many commercial packages include automatic mesh generators that will create a mesh of 
triangular or tetrahedral elements within a domain. Whilst these are extremely useful tools, 
particularly for the novice user, the quality of the mesh is strongly dependent on the quality of 
the domain geometry defined by the user. If the domain contains many small, detailed 
features the mesh may contain very small elements, resulting in an unnecessarily large matrix. 
An automatically-generated mesh should always be checked visually to ensure that there are 
no obvious flaws. Some packages provide mesh statistics or a measure of mesh quality which 
should also be checked. Additionally, it is worth checking that the mesh is most detailed in 
the areas where the parameters are changing most rapidly, for instance in areas likely to 
experience large deformations or high temperature gradients.  

If automatic mesh generation is not available, it can be useful to sketch the domain as a 
collection of simple geometric objects, then use tools such as Excel and Matlab to produce a 
mesh by subdividing these shapes. These tools enable the user to create mesh points and 
visualise them in two dimensions to check the mesh quality. Alternatively, the nodes could be 
generated using a custom-made program then visualised in one of these packages. 

Post-processing software is often specific to a solution package: many software packages 
produce output files that can only be read by their own proprietary post-processing software. 
This can limit the choice of packages available, although some software houses release their 
file formats to producers of visualisation software so that users are not so limited.  

It is important to remember that visualisation packages are as susceptible to error as every 
other kind of software. The high quality of the graphical output of post-processing packages 
can lead users to forget that it is important to examine the numerical values the software has 
produced without them being processed further. 

A good practice guide to visualisation has been produced as part of a previous SSfM 
programme [24], containing advice on how to visualise a wide variety of quantities and 
including case studies and examples. Another report [25] has dealt specifically with 
visualisation and continuous modelling and has identified a number of issues that are relevant 
to interpretation of results that are visualised in post-processing software. 
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6. Model validation 
As stated in section 1.2, model validation in continuous modelling has been covered in an 
earlier SSfM report [1]. This section describes some of the main conclusions in the report. 

The report advocated a three-stage approach to the validation of continuous models, 
answering a question at each stage: 

� Is the model description adequate and mathematically correct?  

� Is the discretisation method adequate?  

� How do the results compare with other sources of information, including 
experimental results?  

The answers to these questions are produced by carrying out (respectively) internal, inter-
model, and external consistency checks.  

In order to validate as many aspects of the model as possible, many different validation 
methods should be used. The report described a number of methods for carrying out each type 
of check, illustrated with examples. The methods ranged from a visual inspection of the 
results, using the experimentalist’s expert knowledge to validate the model, to more 
mathematically involved methods that supply error bounds for results of finite element 
analyses. 

Advice was also given about general validation strategy. The key recommendations were: 

� The choice of validation methods depends strongly on the aim of the modelling 
process. Is one concerned simply to gain a qualitative understanding of the 
phenomenon of interest, or are the results to be used to quantify sources of 
uncertainty in a measurement process? In the second case the aim may be to develop 
the most comprehensive descriptive model possible, which implies an increased level 
of validation compared with the first case. 

� Validation strategies should be part of the model development process, an aspect that 
is particularly important when a complex model is being constructed from simpler 
models or sub-models. 

� Validation by comparison with experimental measurements can be problematic. 
Measurements may be available only for a limited part of the domain being modelled, 
and measurements may be unavailable or impossible to obtain in key parts of the 
model. 

� Non-unique solutions may exist. For example, the physical problem may have a 
unique solution, but the mathematical formulation of the problem may have multiple 
solutions. Similarly, multiple physical solutions may co-exist. The most common case 
is hysteresis, where the response of a system to its load depends on its previous 
loading history as well as its current state. Although experimental repeatability may 
indicate that a unique stable solution exists, it is still possible that more than one 
stable solution can exist, but that the existence of other solutions depends on an 
aspect of the experiment that may be too subtle to model. 

Validation for industrial applications 

An industrial seminar held in 2004 on “FEA versus test: comparison of modern-day computer 
simulation with real-life testing” featured various case studies where finite element analysis 
was used to simulate various problems that had occurred in industrial applications. A number 
of observations made at this meeting were relevant to model validation, particularly regarding 
the validation standards applied to industrial models. 
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The majority of applications that were described were problems in the sense of “situations 
that produce an undesirable effect that needs to be eliminated”, with the undesirable effect 
often being a qualitative event such as “the sheet which should be flat to within a visual 
inspection was bent” rather than a measured event such as “the sheet was deflected by 12.1 
cm”. This meant that the aim of the model was to predict the occurrence of the undesirable 
effect, and that the magnitude of the effect was less important. Modified versions of the 
model were subsequently used to explore ways of removing the effect, with the most 
successful design being implemented as the physical solution when possible.  

The majority of the models discussed at the seminar were validated by visual inspection of the 
results or comparison of actual and predicted locations of damage or failure. The majority of 
applications that were described involved physical situations in which measurement and data 
collection were difficult if not impossible. In many cases, this is why mathematical modelling 
is used in the first place: the problem could not be understood by taking measurements and 
analysing data, and so a model was used instead. Where measurements were available, it was 
unusual for more than one set of test results to exist due to the expense of testing and data 
collection. This was particularly true of any tests that involved testing until failure.  

These observations illustrate that it is often only possible to validate a model to a fairly basic 
level, but this may be acceptable if the model is only required for qualitative results. The 
drawback of this low level of validation is that it reduces confidence in the predictions of 
altered models used to explore solutions. In order to compensate, the models used often 
involve a high level of detail to improve the modeller’s confidence that the likely causes of 
the problem have been included. Often engineers can combine their experience with model 
predictions to improve their confidence in a designed solution.  

In general, it would seem that validation of models used to solve industrial problems is 
restricted by the nature of the situation being modelled, the paucity of measurement data, and 
the importance of obtaining a viable design solution rapidly. Metrology applications often 
have more data available for validation, but in cases where the model is simulating some form 
of destructive test, sparse data may be a problem. 
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7. Summary of good practice 
This section summarises the key points that have been described in the preceding chapters. It 
provides a summary of good practice in continuous modelling. Further illustration of the 
points made here is given in the case studies that form section 8. 

All models start from a questions that cannot be answered by measurement alone. In order to 
clarify the purpose of the model, a “user specification” should be created that includes: 

� Definition of the question to be answered. 

� Definition of the model results that will be used to answer that question. 

� Definition of who will use the model. 

� A description of the assumptions made about the experiment. 

� A description of how the model will be validated. 

� A list of the information that the experimentalist will supply to the modeller. 

Problem parameters are the quantities for which values are required. Problem variables are 
the quantities that are known or measured. Model parameters are the quantities for which the 
model determines values. Model variables are the quantities that are required to uniquely 
define the model. If a problem parameter is a model variable, then it will be necessary to use 
optimisation techniques to determine the problem parameter value. See section 2 for more 
detail. 

Modelling is an iterative, evolutionary process. Models should start simply and increase in 
complexity. At each stage of its development the model needs to be validated to ensure that 
the latest version of the model is correct. 

Model building in continuous modelling consists of the definition of 

� a governing equation or system of equations, usually in differential or integral form, 

� a problem domain, which is the region of space and time over which the problem is to 
be solved, 

� domain properties, generally given as material properties, and 

� boundary conditions on the limits of the domain, which may include initial conditions 
if the model is time-dependent. 

The choice of these entities affects how well the model describes reality and how rapidly 
results can be obtained. A good model will describe reality sufficiently well to produce 
accurate results, but will not include unnecessary detail. In general the user has little choice 
over the governing equation, but the other entities often have more than one choice available. 
See section 3 for more on model building. 

Good practice in model building 

Start with the simplest model possible. To simplify a model: 

� simplify the domain as much as possible by 

o omitting unnecessary physical details, 

o limiting the extent of the domain to areas that affect the results of interest, 

o using symmetry, axisymmetry, and periodicity to reduce the size of the 
problem, 

� use constant, uniform, isotropic domain properties, 
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� linearise all boundary conditions, and 

� choose units so that models are in as simple and numerically stable a form as 
possible. 

When adding complexity to a model, only add one new feature at a time and validate after 
each change. 

Model solving is the process of obtaining values for the model parameters given the model 
definition and values of the model variables. The majority of model solving techniques for 
continuous models subdivide the model domain into smaller regions (called a mesh) and use 
assumptions about the local behaviour of the solution to derive a set of discrete equations 
(called a discretisation process). It can be shown that the derivation of the discrete equations 
is equivalent to an error minimisation process over all solutions exhibiting the chosen local 
behaviour. See section 4 for more on model solving. 

Model solving techniques must be convergent for the model equation so that the approximate 
solution will converge to the “true” solution as the number of model parameters is increased 
in a controlled way. The accuracy of the solution of a model is determined in part by the 
conditioning and stability of the discretised version of the model. Both qualities ensure that 
small perturbations in the input quantities produce bounded perturbations in the results, so 
that use of finite precision arithmetic will not render the results useless and the technique will 
be convergent. 

Good practice in model solving 

In the vast majority of cases, only convergent methods should be used. Exceptions may have 
to be made if the model is known to include a singularity and no alternative formulation for 
the problem exists. 

A good mesh should have sufficient mesh points to describe the solution in all areas, well-
shaped mesh elements, mesh elements whose areas lie within a reasonable range of sizes, and 
sufficiently few mesh points that the problem does not become too computationally 
expensive. 

The mesh chosen for the model should be validated, preferably by comparing results to a 
reference solution or by checking the convergence properties of results generated using 
different meshes. 

If a problem is ill-conditioned, it may be possible to find an alternative formulation that 
improves the conditioning, for instance by considering an alternative coordinate system, 
another choice of units, or a simplified model. 

Software implementation takes the discretised version of the problem and solves it. There is 
a wide range of generic packages for solving continuous modelling problems, with finite 
element analysis being probably the most popular technique. However, there is a lot to be 
gained from using custom-written software, particularly for complicated models or models 
that are to be run repeatedly. See section 5 for more on software implementation issues. 

Good practice in software implementation 

All software, including pre- and post-processing software, should be tested. Whilst it is 
reasonable to expect that commercially available software has been tested, there are usually 
few details of testing procedures available to software users. 

Generic software is often well-tested and easy to use, but may not be sufficiently flexible to 
use for problems with unusual features. 

Custom-written software is usually designed with a particular problem in mind. This makes 
the software less flexible in terms of applications, but means that the algorithms used in the 
software can be chosen to take advantages of special features of the problem such as special 
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matrix structure. Such software can benefit greatly from use of library routines such as those 
for solution of large matrix problems. 

Model validation checks that the model solution is consistent with the model definition, and 
that the model solution is consistent with all measurement data available and all other 
knowledge of the behaviour of the physical system being modelled. Validation methods range 
from visual inspection of the model results to more complicated a posteriori error estimation 
methods. Good practice in model validation for continuous models is described in detail in an 
earlier SSfM report [1]. See section 6 for more on model validation. 
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8. Case Studies 
These case studies have been chosen to illustrate good practice in continuous modelling. Each 
one includes model building, model solving, and model validation stages, and at each stage 
the decisions that shaped the model are explained. In both cases, the initial studies have raised 
new questions and have indicated possible new areas for further development.  

As well as indicating good practice, these case studies illustrate the remarks in the 
introduction to this report regarding mathematical modelling. It is a simplifying process 
involving assumptions, compromises, and approximations. As the model is developed, the 
effects of these assumptions can be assessed and accounted for. 

8.1 Case Study 1: High-temperature thermometry 

8.1.1 The physical problem 
Radiation thermometers are calibrated at high temperatures (typically 1100 to 2500 °C) using 
high temperature furnaces. A new method that could lead to up to a factor 10 improvement in 
scale reduction uncertainty is being investigated by NPL and others. In these new fixed 
points, a metal-carbon eutectic is placed in a cylindrical graphite crucible with an internal 
graphite black body, as shown in figure 8.1, the crucible is placed in a furnace and the 
temperature is raised to near the melting point of the metal-carbon eutectic. Once the 
temperature has stabilised, the furnace is stepped above the melting point of the metal-carbon 
eutectic, and a radiation thermometer is used to measure the temperature of the bottom of the 
black body (marked in red in figure 8.1). The thermometer would then be calibrated under the 
assumption that the temperature on the measured surface is the same as the melting point of 
the metal-carbon eutectic. 

Figure 8.1: Cross-section of the graphite crucible and black body. The full shape is a cylinder. 

Whilst this assumption is reasonable for low accuracy measurements, if thermometers are to 
be calibrated to less than 1 K uncertainty then the assumption needs to be tested. Testing this 
assumption experimentally would require an alternative method of measuring the surface 
temperature of the black body, but at high temperatures no practical alternative to radiation 
thermometry exists. Hence the assumption needs to be tested using a model. There are a 
number of other questions about the experiment that the thermometrist would like to explore, 
and these can also be addressed using a model.  

The questions to be asked are: 

Metal carbon eutectic

Graphite 
black body

Graphite 
crucible 

Fixed temperature boundary condition 

Measurement area 
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1. What is the average temperature difference between the inner surface of the black 
body and the fixed point temperature when the metal-carbon eutectic has melted 
and the system is in a steady state? 

2. How is this value affected by the material properties (thermal conductivity and 
emissivity) of the graphite that the crucible and black body are made of? 

3. How does the uniformity of the furnace affect the temperature difference at the 
end of the melting process? 

4. How do all of these factors affect the melting process? 

There are six different fixed points, corresponding to six different metal-carbon eutectics, that 
are of interest to the thermometrist, and the questions above are to be investigated for each 
fixed point. The process of developing a model to answer the fourth question will be 
described, but as yet the work has not been carried out so no results will be reported. The 
long-term aim of this work is to assist the thermometrist in designing equipment for this 
experiment. 

8.1.2 Mathematical formulation 

8.1.2.1 Governing equations 
The model required is a high-temperature thermal model. The most general form of the 
governing equation of such a model is 

( ) ( ) ,,QT.Tc
t p Ω∈+∇∇=

∂
∂ xλρ   

where T(x, t) is the temperature, Q(x, t) is the (known) power per unit volume generated 
within the body, and all of the material properties ρ (density), λ (thermal conductivity), and cp 
(specific heat capacity) could all be functions of time, temperature, and position.  

The different questions that are to be addressed lead to different simplifications of this 
equation. In all cases it is assumed that the material properties are independent of position 
within a given material, since there is no reason to assume otherwise.  

The first three questions apply to the system in a steady-state condition, so all time 
dependence in the equation above can be ignored. Additionally, the source term Q can be 
neglected, since no internal heat sources or sinks exist.  

It can be assumed that the material properties are independent of temperature within each 
model, but that they will vary for models of different temperatures. There is no reason to 
assume that the emissivity will not be constant, and whilst the conductivity of graphite is 
temperature dependent, the relationship is such that a change in temperature of 1 K will lead 
to a change in the thermal conductivity value of less than 0.05%. Such a change will not 
affect the temperature results of a steady-state model to any significant degree. 

These simplifications mean that the first three questions can be answered using the governing 
equation  

.,T Ω∈=∇ x02   

It is important to note that the results will still depend on any of the material properties that 
appear in the boundary conditions, so for instance the thermal conductivity still affects the 
results even though it does not appear in the governing equation. 

The last question requires a time-dependent model to answer in full, since the melting process 
is to be described. Simulation of a melting process requires the latent heat of melting to be 
taken into account. This leads to a modification of the time-dependent term in the heat 
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equation above. In its ideal form, this modification assumes that all melting takes place 
instantaneously at a single temperature, so that the energy used in melting, per unit volume, is 
ρ L δ(T – TM) where TM is the melting point. Hence the heat equation becomes  

( )[ ]( ) ( ) ,,QT.TTLTc
t Mp Ω∈+∇∇=−+

∂
∂ xλδρ   

In practice, this formulation is virtually impossible to implement and is not always a good 
description of real materials, so an altered form is used. It is assumed that the melting takes 
place over a small non-zero temperature range, TL ≤ T ≤ TS where TL and TS are the liquid and 
solid temperatures respectively and between the two temperatures the substance is in a 
mixture of the two states. The time dependent term is the written as 
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The smaller TL – TS is, the better the approximation to the original form. 

In addition to this alteration, the model of the melting process will require the usage of 
temperature-dependent material properties. The temperature dependence of the properties of 
the graphite will need to be considered, and the metal-carbon eutectic will have different 
properties when it is a liquid. 

8.1.2.2 Domain 
From figure 8.1, it is clear that the domain geometry and its boundary conditions are radially 
symmetric and so a significant amount of computational effort can be saved by using an 
axisymmetric domain. It is assumed that the inner radius of the black body is sufficiently 
small that the amount of gas (argon is used) inside it can be neglected. This assumption 
neglects heat loss by convection, but at high temperatures radiation will be the dominant heat 
transfer mechanism so the assumption should be valid. 

The domain also depends strongly on the question to be answered using the model. The first 
three questions given in section 8.1.1 are concerned with the temperature distribution of the 
surface of the graphite in the steady state at the end of the melting process. If the melting 
process is complete and the furnace is being held at a fixed temperature, then the liquid metal-
carbon eutectic will be uniformly at the temperature of the furnace. It is reasonable to assume 
that the liquid metal forms a perfect thermal bond with the graphite black body, and so the 
whole of the surface of the black body in contact with the metal can be regarded as being at 
the furnace temperature.  

Hence the only parts of the system that need to be modelled explicitly are the black body and 
the objects that it exchanges heat with. In this case, the main exchanges of heat occur between 
the furnace and the black body, and the “outside world” and the black body. The furnace and 
the outside world require less detail in the modelling as their temperatures are regarded as 
fixed. The effects of the liquid metal can be modelled as a boundary condition along one 
surface of the black body. An example of the model domain for the first three questions is 
shown in figure 8.2. 

The final question looks at the melting process, and so the metal-carbon eutectic needs to be 
modelled in detail. In addition, the model will need to have a suitable time domain defined. 
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Figure 8.2: Model domain and mesh for the first two questions. The small volume at the right-
hand side represents the outside world for radiative exchange and is at a fixed temperature. 

8.1.2.3 Boundary conditions 
The boundary conditions for this problem fall into two classes; fixed temperature conditions 
and radiative heat exchange conditions.  

The fixed temperature conditions are applied to regions where the temperature is known. For 
the steady-state model, these regions are the outer boundary of the black body (where the 
black body is in contact with the liquid metal-carbon eutectic: the blue region in figure 8.1), 
the furnace, and the outside world. For the transient model, the fixed temperatures are the 
outside of the crucible nearest to the furnace, the furnace itself, and the outside world.  

The radiative heat exchange condition between two surfaces can be written  
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where F12 is the view factor (a measure of how well the two surfaces can “see” one another: 
see section 9.2.3 for more detail), σ is the Stefan-Boltzmann constant, T1 and T2 are the 
temperatures of surfaces 1 and 2 respectively measured in K (absolute temperatures must be 
used), and A1 and A2 and ε1 and ε2 are the surface areas and emissivities of surfaces 1 and 2 
respectively. 

8.1.2.4 Material properties 
As was mentioned above, a given steady state model can assume that the material properties 
of the graphite are constant. However, question two requires the material properties of the 
graphite to be treated as quantities that can vary. Since the question is essentially requesting a 
sensitivity analysis, it is helpful to define the distribution functions of the quantities. The 
emissivity of the graphite was taken to vary uniformly between 0.81 and 0.91 (the literature 
value as used in the other models was 0.86). The thermal conductivity was assumed to be 
normally distributed with a standard deviation of 0.097 times the mean value, so that 99% of 
the distribution lies between 75% and 125% of the mean. The mean value at each temperature 
was calculated by using the approximation  

( ) ,TT .70
00

−= λλ   

where λ0 = 60 W m-1 K-1 and T0 = 1357.77 K (the copper fixed point). This approximation 
was taken from literature [26]. Three types of sampling method were used to choose the 
values used in the individual trials. These methods will be discussed further in section 8.1.5. 

The material properties for the final question need to be temperature dependent, and will be 
dependent on position in as much as the properties in the region of the model representing the 
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graphite will be different from the properties in the region representing the metal-carbon 
eutectic. 

In addition to the properties of the graphite and the metal-carbon eutectic, the emissivities of 
the outside world and the furnace must be defined. It is assumed that both of these are perfect 
black bodies and absorb all energy radiated to them, so that their emissivities are both 1.0.  

It is assumed that any two materials that are in contact have a perfect thermal bond, so that 
only properties of well-defined materials need to be considered and artificial gaps need not be 
added. 

8.1.3 Solution method 
The problem features non-linear effects, including radiation and latent heat, and an 
axisymmetric geometry that can best be described using a mixture of squares, triangles, and 
parallelograms. These features make the finite element method the preferred solution method. 
The non-linear features mentioned are all offered as modelling options within the Abaqus [21] 
package. Other packages were considered, but Abaqus offered good surface-to-surface 
radiation algorithms, including view factor calculations, and good control over mesh density. 
In addition, Abaqus can carry out parametric studies through a scripting language, including 
running the jobs and collating the results, which makes efficient execution of uncertainty 
simulations possible. 

8.1.4 Model validation 
Initially, a simple version of the model was developed. Previous work [27] had involved 
simulation of an identical crucible using Ansys [28], another finite element software package. 
Correspondence with the author ensured that the same domain, boundary conditions, and 
material properties were used in the new work as in his work. This checking meant that the 
two sets of results could be compared for validation purposes. 

Care had to be taken when obtaining the results of interest. The required result from a given 
model was the temperature averaged with respect to area over the red area in figure 8.1. The 
calculation of this area was complicated by the model being axisymmetric, and by the need to 
consider the approximation functions used in the finite element approximation when 
calculating the temperature distribution over the area. The correct weights were calculated 
and were checked by considering the cases of a uniform temperature and a linear distribution. 

The first set of models used for validation simulated the crucible at the end of the melting 
process, and neglected the effects of the furnace. It was assumed that the only heat exchange 
occurring was between the inner surface of the crucible and the outside world, assumed to be 
held at a fixed temperature of 25 °C. Initially, the outside world was simulated using a single 
finite element, but this led to incorrect calculation of the view factors. A set of tests with 
increasingly refined meshes was run until a suitable mesh giving stable results was identified.  

Once a suitable mesh had been found, three different tests were run at each of the six 
temperatures. The tests varied the thermal conductivity of the graphite, λgraph, by ± 25%. The 
results of the tests are shown in table 8.1. The table shows the temperature of the inner surface 
of the crucible averaged over its area (the red area in figure 8.1) for all fixed points and all 
tests, in mK. The difference between the old and new results is at most about 5% of the old 
test result. This difference is likely to be due to differences between the meshes and software 
packages used.  

The original study [27] also investigated the effects of the presence of the furnace. A second 
model was created using a 100 mm long furnace of radius 8 mm (the same radius as the outer 
edge of the black body), and it was assumed that the whole of this furnace was at the fixed 
point of the metal-carbon eutectic. The furnace was assumed to be exchanging heat with the 
inner surface of the crucible. The temperature averaged over the inner surface of the black 
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body was calculated, and the results are shown in table 8.2. The agreement is less good for 
this set of results. The Abaqus results are nearly uniformly 88% of the Ansys results. It is not 
clear why this is the case, although the uniformity of the difference almost implies a 
difference between the model boundary conditions. Other possible causes include software 
differences and inadequacies in the mesh. 

 Temperature drops from results of 
original tests with Ansys (mK) 

Temperature drops from results of 
repeated tests with Abaqus (mK) 

Metal 1.25 λgraph λgraph 0.75 λgraph 1.25 λgraph λgraph 0.75 λgraph 

Co 10.5 13.0 17.0 10.5 13.2 17.5 

Pd 16.5 21.0 27.0 16.8 21.0 27.8 

Pt 29.0 38.0 50.0 30.9 38.5 51.2 

Ru 49.0 60.0 80.0 49.5 61.8 82.1 

Ir 96.0 113.0 150.0 95.8 119.2 158.1 

Re 130.0 156.0 204.0 132.0 164.4 217.8 

Table 8.1: Comparison between the results of equivalent models run in Ansys and Abaqus. 
Agreement is generally to within 5%, and results are shown in mK. 

Metal Co Pd Pt Ru Ir Re 

Ansys 10.5 16.8 30.5 49 94 129 

Abaqus 9.3 14.8 27 43.3 82.8 113.6 

Table 8.2: Results of tests simulating the presence of a uniform furnace. Results are shown in 
mK. 

8.1.5 Simulation 
Once the simple model had been validated, it was used to investigate the sensitivity of the 
results to the material properties of the graphite. Several sets of tests were run using different 
values of the thermal conductivity and the emissivity. Values were sampled from the 
distributions of these material properties described in section 8.1.2.4 using three different 
methods: sampling at regular intervals, Monte Carlo sampling, and Latin Hypercube 
sampling. Each method was used to select N2 sets of values, where N = 2, 5, 10 and 32.  

The regular sampling method set limits on each of the material properties and then took N 
evenly-spaced samples, including both limits, from each sample. The limits on the thermal 
conductivity were taken to be 75% and 125% of the mean value, which is a 99% confidence 
interval, and the limits on the emissivity were taken to be the limits of the interval over which 
it is distributed. So for example, the values chosen for the emissivity for N = 5 were 0.81, 
0.835, 0.86, 0.885, and 0.91. The N values of each quantity were then combined to generate 
every possible pair of one thermal conductivity with one emissivity. These pairs of values 
were then used as input values for the model. The regular sampling method ensures that the 
whole of the ranges of the input quantities are sampled, but it completely ignores the 
distributions of the input quantities and so it does not give any information about the 
distribution of the results. As N tends towards infinity, this method becomes equivalent to the 
other two methods described here, but for practically applicable values of N it is not 
equivalent. 

Monte Carlo sampling [29] samples randomly from the distribution function of the quantity. 
In order to generate samples, 2N2 random numbers between 0 and 1 were generated, and these 
values were used as cumulative probability levels to generate material property values by 
inverting each property’s cumulative distribution function. This sampling method generates 
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good approximations to the probability distribution of the results when N2 is large, but the 
method is not guaranteed to cover the full range of the input quantities and the quality of the 
approximation decreases as N decreases. 

Latin Hypercube sampling [30] ensures that the full ranges of the input quantities are 
sampled, by combining regular sampling with Monte Carlo sampling. The ranges of the input 
quantities are divided into N2 sub-ranges of equal probability, and a random value is chosen 
within each of the sub-ranges. The two sets of N2 values are then paired up at random to 
create the input values for the model. It can be shown [30] that for independent input 
quantities, Latin Hypercube sampling is an unbiased sampling method. 

Note that the random sampling methods can create values outside of the limits for the regular 
sampling method, because the thermal conductivity had artificial limits put on its range during 
the regular sampling, and it is expected that some values outside of this range will be created 
when N2 is large. 

Figure 8.3 shows an illustration of the values produced by the different sampling methods for 
N2 = 25. The grid pattern produced by the regular sampling method is clear. The vertical axis 
is split into 25 equally-sized intervals, each representing a region of equal probability for the 
emissivity. It is difficult to see, but there is exactly one triangle, representing the Latin 
Hypercube sampling method, in each interval. The intervals of equal probability on the 
horizontal axis are also shown. They are not of equal sizes as the normal distribution is used, 
but again exactly one triangle is in each sub-interval. The Monte Carlo samples (circles) are in 
random places, and it is clear that most of the values are concentrated near to the centre of the 
thermal conductivity axis, as would be expected. 

Figure 8.3: Sampled values for the three different methods from the space of possible input 
quantities. 

The results shown in this section are from tests run at a single temperature. As yet the 
behaviour for other temperatures has not been tested, but it is likely to be similar. 

Whilst the results of the regular sampling tests could not be used to determine the 
probabilistic behaviour of the results, they did provide useful information about the 
relationship between the input values and the results. Analysis of the regular sampling results 
for N = 32 led to a relationship of the form 
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being developed, where ∆T is the areally averaged difference between the fixed-point 
temperature and the measurement surface temperature. This relationship was tested using the 
results of the randomly-sampled tests, and relative accuracy was found to be within 0.1% for 
all values. This approach is similar to the response surface methodology commonly used in 
failure testing [31]. The form of the relationship is not entirely unexpected: the higher the 
thermal conductivity, the better heat will be conducted from the molten metal, and the lower 
the emissivity the less heat will be lost to the atmosphere. 

The development of this simple relationship made it possible to generate a  distribution 
function for the model results, by generating 10000 random sets of input values using Monte 
Carlo sampling, and using the simple relationship to generate the corresponding result value. 
This distribution function can be considered to be the “correct” distribution in order to assess 
the accuracy of the distributions generated by other methods. In particular, the result 
associated with a given level of cumulative probability can be calculated and compared to the 
value obtained from the Monte Carlo and Latin Hypercube sampling methods. For interest, 
this analytic model and the results of the 1024 regular sampling trials are shown in figure 8.4. 
Note that the regular trials are a bad approximation to the true distribution because the input 
values were not selected in a probabilistic way.  

Figure 8.4: Analytic model and results of the regular sampling. 

Figure 8.5 shows the results from the trials with N2 = 1024. The “true” distribution cannot be 
identified clearly because it is covered by the other two distributions, and particularly by the 
Latin Hypercube sampling results. Figures 8.6 and 8.7 show the results for N2 = 100 and 25 
respectively. These plots show the distributions more clearly. In particular, it looks as though 
the Latin Hypercube sampling results are a better approximation than the MC sampling 
results.  
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Figure 8.5: Test results for N2 = 1024 samples. 

Figure 8.6: Test results for N2 = 100 samples. 
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Figure 8.7: Test results for N2 = 25 samples. 
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was calculated, where ∆Ts is the result from the sampled tests and ∆Ta is the result from the 
analytic model. The results are shown in table 8.3.  

The trend of erel with varying N for the Monte Carlo sampling is somewhat unexpected, since 
the result for N2=25 is more accurate than that for N2 = 100. The result is probably due to 
random chance, which illustrates the danger of drawing conclusions from a single set of 
results. Extra sets of 10 tests with N = 100 and N = 25 were run to obtain a more statistically 
valid basis for the conclusions, and average values of erel are also shown in table 8.3. These 
averaged values are more in line with expectations.   

Single tests Average over 10 tests Number of 
samples Monte Carlo Latin Hypercube Monte Carlo Latin Hypercube

25 0.0156 0.0119 0.0352 0.0171 

100 0.0229 0.0076 0.0129 0.0084 

1024 0.0103 0.0037 - - 

Table 8.3: Relative RMS errors for Monte Carlo and Latin Hypercube sampling, for different 
values of N2. Result of a single test and the average over 10 tests are shown. 

8.1.6 Further results 
After validation, further simulations of the NPL furnace and black body were carried out. 
These simulations aimed to answer the third question by examining the effects of furnace 
non-uniformity. Three different models of the black body and furnace were developed: one 
with a uniform furnace temperature, one with a non-uniform furnace temperature, and one 
with a non-uniform furnace temperature and extra insulation as shown in figure 8.8. The 
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insulation is present when the apparatus is in normal operation. The cavity was closed by a 
block of air at room temperature, as in previous models. 

 Figure 8.8: Diagram showing the furnace and extra insulation. 

Five sets of measurements of the furnace temperature were available, each set consisting of 
temperatures measured at various points along the length of the furnace for a given target 
temperature in the absence of the black body and the insulation. Each set of measurements 
was interpolated linearly to obtain the boundary conditions for the model with a non-uniform 
furnace. The measurement data, plotted as temperature differences from the fixed-point 
temperature, are shown in figure 8.9. Note that the average furnace temperature is lower that 
the fixed point temperature, so it is expected that the non-uniform furnace will increase the 
temperature difference across the base of the black body. 

Figure 8.9: Measurement data from the non-uniform furnace, plotted as temperature 
difference from the fixed point against position along the length of the furnace (zero being the 
point at which the furnace meets the black body). 

The model with a uniform furnace fixed the whole of the furnace to be at the melting point of 
the metal-carbon eutectic. In all cases, the furnace was modelled as a hollow cylinder of inner 
radius 12 mm radiating heat to the black body. 

The graphite block was taken to be made from the same material as the black body. The 
graphite felt was taken to have temperature-dependent thermal conductivity of between 0.4 
and 1.4 W m-1 K-1. These values were taken from a model of another high-temperature 
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process involving graphite felt insulation [32], and agreed with other reference values. It is 
likely that only an order of magnitude value is required. 

The results for the three models at five different temperatures are shown in table 8.4. The 
results show that the non-uniform furnace produces a higher temperature drop than the 
uniform furnace, as expected, but not hugely different (between 5% and 8% of the uniform 
furnace value). 

Metal Uniform 
furnace 

Non-uniform 
furnace 

Extra 
insulation 

Co 11.4 12.0 3.3 

Pd 18.3 19.4 5.8 

Pt 33.4 36.0 11.2 

Ru 53.5 57.2 16.5 

Re 140.5 152.3 46.8 

Table 8.4: Areally averaged temperature difference between the measurement area of the 
black body and the fixed point temperature.  

It is also clear that the presence of the insulation has a large effect on the temperature drop. 
The area of the black body nearest to the outside air loses heat radiatively, and heat is 
conducted away from the measurement area to compensate. If an insulating material is placed 
between the surface that exchanges most heat with the outside air, the heat is not conducted 
away from the measurement area and so the temperature difference decreases. Additionally, 
the radiation strongly affects the view factor between the bottom of the black body and the 
outside world, which will also reduce the temperature difference. It is not clear at the moment 
which effect is most significant. 

This idea is illustrated in figures 8.10, 8.11, and 8.12. Figures 8.10 and 8.11 show the 
temperature distribution within the black body without and with insulation respectively. There 
is a 65 K temperature drop within the insulation, meaning that little heat is conducted from 
the black body to the upper graphite block. 

Figure 8.10: Contour plot of temperature within the black body for a model with a non-
uniform furnace and no insulation. Contour values run from 2738 K to 2748 K. Note that one 
“unit” of colour is less than 1 K, so the scale labels may be misleading. 
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Figure 8.11: Contour plot of temperature within the black body and the insulation for a model 
with a non-uniform furnace and insulation. Contour values run from 2677 K to 2748 K, red 
area is 2742 – 2748 K. 

Figure 8.12: Contour plot of temperature within the black body for a model with a non-
uniform furnace and insulation. Contour values run from 2738 K to 2748 K for easy 
comparison with figure 8.10. Note that one “unit” of colour is less than 1 K, so the scale 
labels may be misleading. 

Figure 8.12 shows the temperature distribution within the black body in the presence of 
insulation to the same scale as figure 8.10. The insulation makes the temperature of the black 
body much more uniform (less than 2 K variation as opposed to approx 10 K). These contours 
were all taken from the Re models, which is the highest fixed point temperature, and hence 
they are likely to be worst-case scenarios. 

8.1.7 Next developments 
The next developments will be to model the time-dependent melting process as described in 
the preceding sections. This model will be validated against existing work and then extended 
to include the measured furnace non-uniformity. 

8.2 Case Study 2: Near- to far-field underwater acoustics 
Some of the work in this case study has been reported elsewhere [33, 34], and so full details 
of the derivation of some of the expressions and results quoted here are not given in this 
study. 

8.2.1 The physical problem 
The generation and detection of acoustic fields in water are typically undertaken using 
electroacoustic transducers, either deployed individually or in arrays. Such devices are most 
often characterised in terms of absolute sensitivity levels and device directivity. Measurement 
of the sensitivity of transducers and arrays may be carried out in a variety of types of facility, 
for example laboratory tanks or open-water sites. The sensitivities and directional response 
are usually required to be determined in the acoustic far-field.  



NPL Report DEM-ES-026 Continuous Modelling 

 Page 52 of 97 

However, if the array or transducer is physically large when measured in acoustic 
wavelengths (high ka value, where k is the wavenumber and a is the largest physical 
dimension), it may be impossible for far-field conditions to be achieved in a facility of finite 
size whilst maintaining free field environment and preserving steady state conditions. An 
open-water facility will in general enable a greater source-receiver separation to be used, but 
such facilities have the disadvantage that there is little or no control of environmental 
conditions and, in any case, even an open-water facility will place some limit on the 
maximum separation achievable. Making measurements at sea is an extremely expensive 
alternative and provides no environmental control at all. There is consequently a strong 
motivation to maximise the range of acoustic testing possible in laboratory tanks.  

At NPL, measurements can be made in a laboratory tank of 5.5 metres diameter and 5 metres 
deep. To measure on a cylindrical surface surrounding the projecting transducer, a series of 
measurements is made on concentric circles of the same radius but offset in depth. Each 
circular data set is obtained by rotating the projector and not by scanning the hydrophone, as 
depicted in figure 8.13. In between the measurement of each successive circular data set, the 
depth of the projecting transducer and/or receiving  hydrophone is adjusted so that the next 
data set is measured with the relative depth increased by a specified increment. 

Figure 8.13 Schematic representation of a cylindrical scan. 

One option to overcome the restrictions posed by finite-sized laboratory tanks is to undertake 
measurements in the acoustic near-field and then predict the acoustic far-field response from 
the near-field data. This case study describes one method for carrying out these predictions. 
The physical problem is to predict the pressure distribution caused by an underwater acoustic 
transducer at some point in space, given measurements of the pressure distribution on an 
open-ended cylindrical surface. 

8.2.2 Mathematical formulation 

8.2.2.1 Governing equation 
The pressure distribution of a transducer in water is assumed to obey the time-dependent 
linear wave equation. This assumption, which neglects diffusivity and nonlinearity, is 
expected to be reasonable for the frequencies of interest. It is also assumed that the density 
and speed of sound in the medium are constant and uniform. The equation is 
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where c is the wave speed and Ψ is the scalar time-dependent velocity potential. If it is 
assumed that the transducer signal is at a single frequency then this equation becomes 
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where k = 2πf / c and f is the frequency in Hertz (see section 9.6.1 for how to obtain this 
equation). This is the Helmholtz equation. If the signal is likely to be made up of several 
frequencies, each can be modelled separately using the Helmholtz equation. 

The boundaries of the real physical domain (e.g. the laboratory tank) are assumed to be far 
enough away that the measurements can be treated as though they are made in an infinite 
domain. This assumption produces a simpler model than that produced by considering 
interactions with the walls and free surface of the tank. The assumption is valid because the 
boundaries of the tank are a large number of acoustic wavelengths away from the 
measurement surface and gating techniques are used to ensure that the signal that is measured 
is not contaminated by echoes. 

8.2.2.2 Domain 
The results are to be determined in the region outside of the measurement cylinder, so the 
problem is an exterior one. The domain is taken to be the whole of free space outside of the 
measurement cylinder, an infinite domain. The main reason for this is that the metrologist is 
interested in the performance of the device in a domain, such as the sea or a lake, which is too 
big to be modelled in detail. An additional reason is that there is no justification for placing 
any other boundaries on the problem. If another detailed measurement scan had been taken on 
a cylinder of larger radius, then it would be justifiable to take the larger radius cylinder as an 
outer boundary, but this is not the case. The methods used to avoid the problems associated 
with infinite domains are discussed in section 8.2.3 below.  

The measurement surface and the infinite domain are both axisymmetric. However, the 
measurement data is generally directional and so the domain cannot be regarded as two-
dimensional if the measurement data is used in the form it is collected. Section 8.2.3 describes 
a method by which the three-dimensional problem can be reduced to a set of independent 
two-dimensional problems. 

8.2.2.3 Material properties 
The material properties within the medium and the frequency of the transducer are both 
regarded as constant throughout. The main material property required is the speed of sound in 
the medium. Additionally, density is required if it is necessary to convert from velocity 
potential to pressure. 

The main two factors that will affect the variability of the material properties are the 
uniformity of the medium, the motion of the medium, and the temperature distribution within 
the medium. Under laboratory conditions, all three of these factors are under tight controls, 
and so the assumptions of a stationary uniform isothermal medium are valid and measurement 
data can be used to validate the model.  

Under real operating conditions, it is very likely that the medium will be moving and that it 
will not be at a uniform temperature. Ideally, a sensitivity analysis would be used to see how 
the speed of sound in the medium affects the results, but as yet this has not been done. 

8.2.2.4 Boundary conditions 
There are two sets of boundary conditions that apply to this problem. The measurement data 
can be used to generate a fixed value boundary condition on the cylindrical boundary, and a 
condition governing the behaviour “at infinity” can be applied. 

The usage of the measurement data creates a problem. Every domain needs to have closed 
boundaries. The measurement data are gathered on the curved surface of an open cylinder. No 
measurements are taken on the ends of the cylinder. Hence some sort of boundary conditions 
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must be created for the ends of the cylinder. Several possibilities were identified, based on the 
belief that the device is sufficiently directional that the pressure at the centre of the cylinder 
end will be zero. The whole of the cylinder ends could be taken to be at zero pressure, the 
pressure could be taken to decrease linearly to zero, or a more sophisticated approximation 
could be used.  

Sets of tests were carried out applying these conditions to simulated data for which an 
analytic solution was known. It was found that the linearly decreasing conditions gave a 
reasonably accurate solution, and that the solution was more accurate when the measured 
pressures at the top and bottom of the cylinder were close to zero. This discovery can be used 
to determine how many measurement scan lines are required for a good solution. 

The condition applied at infinity is the Sommerfeld radiation condition, which states that all 
pressure waves at infinity are outgoing. In three dimensions, this condition can be written as 
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where R is the radius of the point x in spherical polar coordinates. 

8.2.3 Solution method 
The first problem that the choice of solution method has to address is that of the infinite 
domain. Infinite domains are a mathematical idealisation of the real physical situation, and are 
computationally impossible. As mentioned in section 3.2.3, several methods exist to combat 
this problem, including introduction of artificial boundaries and use of infinite finite elements.  

Since the solution is not required everywhere within the domain, and the Sommerfeld 
radiation condition makes the equation tractable to reformulation, the most efficient technique 
for this problem is to rewrite the Helmholtz equation as a surface integral and solve that. If the 
closed version of the measurement surface is S, and the domain external to the cylinder is Ω, 
then the reformulated problem can be written as 
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is the Green’s function for the problem. The values of φ are known from measurement on the 
surface. The solution process solves the equation for x on S to obtain values of the gradient of 
φ, and then uses the values on S to calculate φ for x in Ω. 

It can be shown that this formulation is non-unique for an infinite set of wavenumbers k, and 
that attempts to evaluate the integrals involved in the formulation are subject to numerical 
instability for values close to the non-unique wavenumbers. Several methods exist for 
avoiding this problem [35, 36] and two of the most popular were compared on some test 
problems (see section 8.2.4).  

The boundary element method (BEM) was chosen to solve the surface integral problem. The 
surface S is split into a set of elements and the surface integral is approximated within each 
element, leading to a large set of linear equations that are solved to obtain the values on S and 
hence the values of φ at other points in the external domain. Other methods have also been 
tried, but they usually involve assumptions and approximations and so are not always suitable 
for real measurement data. 
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One problem with the boundary element method is the mesh size. For a device with a 
wavelength λ = c/f, at least three elements are required in every direction (vertical and 
circumferential) to produce good results, and it is often recommended that five elements are 
used per wavelength. Typically, the frequencies of interest are at least tens of kHz. For a 
frequency of 20 kHz in pure water (c = 1461 m.s-1 at 20 °C) and a measurement surface of 
radius 0.338 m and height 0.98 m, this results in 6 000 elements. Since the matrix of 
equations includes entries for every possible pair of interactions between elements, there will 
be 36 million terms to calculate and store, which leads to problems with computer memory. 
These memory problems can be removed if the model can be rewritten as a two-dimensional 
problem, as that would require around 100 elements for the same problem. 

As was mentioned in section 8.2.2.2, the domain is axisymmetric but the boundary conditions 
as measured are not. However, if the boundary conditions on the measurement surface are 
written as a Fourier series,  
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then it can be shown that each component can be modelled separately as a two-dimensional 
problem, using a slight modification of the Green’s function: 
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cm is any of the am and bm, and ζ is the curve that is rotated around the axis to form the 
measurement surface (in this case, three straight lines that generate a cylinder). This 
reformulation makes it possible to parallelise the model and run the calculation for each term 
in the Fourier series separately. NPL has a distributed computing system that enables the 
entire calculation for all terms to be run in approximately the same time as a desktop PC takes 
to run the calculation for a single term.  

The Fourier series given above involves summation of an infinite number of terms. Clearly 
this is impractical. Additionally, the series is obtained from a finite number of data points and 
so the number of terms that can be determined is limited. It is possible to calculate the 
goodness of fit of the approximation to the input data for a set of partial sums of the form 
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and truncate the series when the approximation is sufficiently accurate in some sense. The 
model truncated the series when the root mean square difference between the measured data 
and the Fourier series approximation was less than 5% of the mean of the measured data. The 
effect of the truncation on the results was tested (see section 8.2.5). 

8.2.4 Model validation 
The model was validated at each stage of its development. Two main sources of validation 
data were used: analytic solutions of the Helmholtz equation, and alternative methods of 
calculation. 
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Since the model domain is the exterior of a cylinder, any solution of the Helmholtz equation 
that is well-behaved outside of the cylinder can be used as an analytic source of validation 
data. In particular, the Green’s function Gk which obeys 

( ) ( ) ( ) ,,,,Gk,G kk Ω∈′′−=′+′∇ xxxxxxxx δ22   

can be used if x´ is fixed to lie within the cylinder. Gk represents a point source or monopole 
at x´. In general it is convenient to fix x´ to be the origin, but in fact any linear sum of point 
sources will satisfy the Helmholtz equation. In particular it is common to consider two point 
sources 180° out of phase, separated by a small distance δ. The two point sources form a 
dipole, and as δ decreases to zero, the solution can be written as 
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where x is written in cylindrical polar coordinates. The monopole and dipole were used to test 
the model and software implementations throughout the process. An example of the results 
obtained using a dipole test case is shown in figure 8.14. Agreement is good. 

Figure 8.14: Real and imaginary parts of the distribution resulting from a dipole calculated 
along a straight line using an analytic solution (solid line) and boundary element method 
(crosses). 

Several alternative methods exist for calculation. The Helmholtz equation can be solved using 
finite elements if suitable assumptions are made about the behaviour at infinity. An example 
of this technique was used [34] to test the software implementations of the two methods 
available for avoiding numerical singularity. 

A well-understood problem was modelled using two different types of finite element, and the 
results of the finite element model were used as reference results for comparison with the 
results from the boundary element software. An example of the results is shown in figure 
8.15. The problem is a two-dimensional scattering problem. The results are shown for two 
different input meshes and the reference solution. The agreement between the reference 
solution and the test results improved as the number of points in the mesh was increased. 
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Figure 8.15: Test results from a scattering problem [34].  

8.2.5 Results 
Once the model had been validated, the software was applied to real measurement data sets. 
Four different input sets were used, gathered from two different transducers, each used at two 
different frequencies. One transducer was fairly uniform in the circumferential direction (i.e. 
for a fixed radius and height, the pressure was more or less the same all the way along the 
scan line, see figure 8.16 for an example), so the second transducer was designed to provide a 
more challenging data set.  

Figure 8.16 Measured data (a) and calculated results (b) in the near-field at a frequency of 
13.9 kHz. 

Typical results are shown in figures 8.16 to 8.19. All plots show the magnitude of the 
pressure. Results were calculated in the near-field as well as the far-field since the BEM does 
not require any assumptions about how far away the source is. A set of near-field results are 
shown in comparison with measured data in figure 8.16. For some cases it was possible to use 
two different sets of input data measured at different radii to calculate the same far-field 
results. An example of this is shown in figure 8.17. In general the agreement between 
measurement and calculation is quite good. Figures 8.18 and 8.19 show example results from 
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the more challenging transducer. It is clear that the agreement at the higher frequency is not as 
good. 

Figure 8.17: Measured far-field data along a single scan line compared with results calculated 
by propagating data from cylinders of radius 0.254 m and 0.338 m. 

Figure 8.18: Far-field measurement data (red) and calculated results (blue) at 13.9 kHz at a 
radius of 3.5 m and a height of z = 0. 
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Figure 8.19: Far-field measurement data (red) and calculated results (blue) at 27.5 kHz at a 
radius of 3.5 m and a height of z = 0. 

In order to try and identify why the 27.5 kHz results agreed less well with measurement than 
the 13.9 kHz results, the 27.5 kHz results were rerun using the maximum possible number of 
terms in the Fourier series (the original runs had used 51 terms, the maximum possible for the 
measured data is 159). It was found that the far-field results converged, and that the addition 
of extra terms beyond the 51st did not affect the far-field results to any significant degree. This 
is helpful because it demonstrates that the method of truncating the series is satisfactory, but it 
does not explain the discrepancy between the measured and calculated results. 

8.2.6 Next developments 
Additional work is in progress to improve the quality of the results calculated at 27.5 kHz. 
Examination of the input data set suggests that it does not have some properties that the far-
field results do have, which may be affecting the quality of the results. In particular, the input 
data set is less symmetric about θ = 0 than the far-field data, which may be affecting the 
calculated results. 

It would be possible to apply this technique to other systems that obey the Helmholtz 
equation. A non-homogeneous vector version of the Helmholtz equation occurs in the 
solution of Maxwell’s equations (see section 9.3) for propagating waves, and it may be 
possible to extend the technique to address such problems.  
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9. Continuous models in metrology 
This section surveys some of the most common continuous models occurring in physics. For 
each model, the governing equation, domain properties, and common boundary conditions are 
given. Any special simplifications and solution methods are supplied. 

Some simplification methods, such as use of symmetry or axisymmetry can be applied to any 
model and are not given in each section. Unless stated otherwise, it should be assumed that 
symmetry and axisymmetry can be applied to problems. 

9.1 Stress analysis 

9.1.1 Governing equations 
The governing equations for a transient stress analysis are 
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where the ui are displacements, the xi are coordinate directions, the sum over j is between 1 
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is the strain tensor. For static analysis, the time derivative vanishes. The domain properties 
define the model σij(ε), which is required for solution of the model. Some common models are 
given in the next section.  

Equations governing wave motion in solid media and natural frequency vibration of structures 
can be derived from the equations (9.1). These will be discussed in section 9.5. 

9.1.2 Domain properties 
The domain property required for stress analysis is a model linking the stresses and the 
strains. The simplest model of domain properties is a simple elastic material. This gives the 
stresses in terms of the strains as 
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where E is the Young’s modulus and ν is Poisson’s ratio. This expression produces a set of 
governing equations of the form 
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The model can be extended by considering the strains caused by thermal expansion, written as 

Tij
th
ij ∆= αε   

where εth is the thermal strain tensor, αij is the matrix of thermal expansion coefficients 
(usually diagonal) and ∆T is the temperature change relative to some “stress free” 
temperature, usually defined as either the temperature at which the domain was created or 
room temperature. 
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Most materials obey the elastic model when they are first loaded, but usually start to diverge 
from this as the strain increases. This divergence is usually modelled by splitting the strain 
into two parts: an elastic strain that is described by the model above, and an inelastic strain 
that is described by some other model. Elastic strains are recoverable, so that when the load is 
removed the domain returns to its original shape, whereas inelastic strains are not recoverable. 
Some materials, in particular rubbers, do not behave like this: instead they exhibit 
hyperelastic behaviour, where all deformations are recoverable. Models for such behaviour 
exist [37] but they will not be discussed here.  

Almost all models of non-elastic behaviour are nonlinear and so increase the complexity of 
the problem. In addition, many of them are implicit, and most are only valid for small 
increments of strain and so the problem must be solved by calculating the cumulative effects 
of a series of small increments rather than solving in a single step. All of these factors 
increase the computational effort required to solve such problems. 

There is an extensive range of material models for inelastic behaviour. Most apply to a 
specific type of material and have little application to more general materials. Many of the 
popular finite element packages offer such models, but only two models of inelastic behaviour 
will be discussed here: the von Mises’ plasticity model and the power law creep model. 

Plasticity models generally consist of three parts: a condition that defines when plastic 
deformation takes place, called the yield surface; a rule defining the resulting plastic strains, 
called the flow rule; and if necessary a model of how these entities evolve as the deformation 
continues, called the hardening behaviour. The von Mises’ plasticity model is the simplest, 
and probably most common, model for plastic deformation. It is used to describe plasticity in 
metals, and has been the starting point for other more complicated plasticity models. Its yield 
surface and flow rule are 
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where σY is the yield stress (a known value for a given material), dεpl
ij are the plastic strain 

increments, sij is the deviatoric stress, dλ is the plastic multiplier, and the summation 
convention is used for all repeated indices. The hardening behaviour can take a large number 
of forms, the most common being a yield stress that is dependent on the effective plastic 
strain. 

Another important material model for domain properties is creep, or rate dependent plasticity. 
Creep models supply a strain rate for a given stress state, and so need to be integrated over 
time. One of the most commonly-used creep models is the power law creep model, which 
should be written 
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where A, m and n are known values for the material,  crε&  is the equivalent creep strain rate, 
and q is as defined in the plasticity model above. This model is sometimes written in terms of 
time, but this is not good practice, as explained in section 3.3. 
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9.1.3 Boundary conditions 
Boundary conditions are commonly applied as either displacements, forces or pressures acting 
on part of the boundary. In general, such conditions are linear and do not increase the model’s 
complexity. However, care needs to be taken when defining such conditions, particularly 
when forces and pressures are applied to individual points on the discretised boundary.  

In general, forces and constraints applied at a single point are not physically realistic and 
should be avoided where possible. If point forces are the physically reasonable description 
(for instance if an object is supported on diamond tips), the solution in the immediate vicinity 
of the force or constraint is likely to be unreliable and should be ignored. In addition, care 
must be taken, when approximating pressures using point forces, to ensure that the pressure 
and the forces do the same amount of work when deforming the domain. 

Figure 9.1: Quadratic element to be loaded with a uniform pressure on the boundary 
indicated. 

For example, suppose that a uniform pressure P = F/A is to be applied over the surface of a 
quadratic element as shown in figure 9.1. Then the nature of the approximation over this face 
is such that the applied forces need to be F/6 at the two corner nodes and 2F/3 at the central 
node.  

The boundary conditions for some problems do not specify displacements or stresses 
explicitly. The most common example is contact problems, where the boundary conditions are 
that two surfaces cannot interpenetrate and that if the two surfaces are in contact, equal and 
opposite forces act at the point of contact. This is a nonlinear boundary condition. It can be 
developed further to include models of friction or sticking, where the surfaces cannot break 
contact once they have touched.  

9.1.4 Simplifications and solution methods 
The main simplifications used in stress analysis are the assumptions of plane stress and plane 
strain. These assumptions treat either the stresses (plane stress) or the strains (plane strain) in 
one of the coordinate directions as being insignificant. These assumptions produce a 
simplified version of the governing equations, and a problem that can be treated as two-
dimensional. 

The majority of stress analysis problems are best solved using finite element methods. In 
particular, models with complicated geometries and nonlinear domain properties or boundary 
conditions can be considerably easier to build using a finite element approach. Many finite 
element packages have a wide range of material models, contact algorithms, and specialised 
elements for handling particular physical problems. Stress analysis problems and particularly 
engineering problems such as structural analysis were originally one of the main driving 
forces behind the development of finite element methods. 

This does not mean that all stress analysis problems should be tackled using finite elements. 
Boundary element methods are particularly useful for stress problems involving damage and 
cracking, because they avoid the problems associated with the singularity of the stresses at the 
crack tip. Finite difference methods are not usually applied to stress analysis problems 
because most problems involve complicated geometries that cannot easily be described by an 
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evenly-spaced grid of points. Additionally, the equations are often non-linear second-order 
equations in three unknowns, which makes setting up and solving the discretised system of 
equations difficult. 

Some problems can be tackled using semi-analytic methods. The application of such methods 
requires an understanding of the likely behaviour of the system, but it can be useful in 
situations where finite element analysis would be inefficient or inaccurate. In particular, semi-
analytic methods can be useful for problems featuring long, thin layers that would require 
prohibitively large meshes [38]. Another example of the application of semi-analytic methods 
is the derivation of the model for the natural frequencies of a structure. This will be discussed 
further in section 9.5. 

9.2 Heat transfer 

9.2.1 Governing equations 
Heat flow in a solid obeys the equation 

( ) ( ) ,QT.Tc
t p +∇∇=

∂
∂ λρ   

where T is the temperature, ρ is the density, cp is the specific heat capacity, λ is the thermal 
conductivity, and Q is the heat generated per unit volume (often, but not always, zero). This 
equation models conduction. Heat transfer in fluids (liquids or gases) requires consideration 
of convection since matter is transported as well as heat. The equation governing conduction 
and convection in a fluid moving at velocity u (which may be a function of temperature) is 

( ) ( ) ( ) ,QT.Tc.Tc
t pp +∇∇=∇+

∂
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where the term involving u is an advection term. This equation must either have an expression 
for u supplied as one of the domain properties, or be solved in conjunction with the Navier-
Stokes equations given in section 9.4.  

Thermal models are often used in conjunction with physical models of other processes in 
order to give accurate domain properties for the other processes. In particular, models that 
involve melting, boiling, and other such phase changes will almost certainly require a thermal 
model to describe the phase change. In these models, the term Q can be used to model the 
energy that is used in the phase change process, or it can be simulated using a modified 
specific heat capacity (see section 8.1.2.1). 

Note that the equation above, like most equations governing physical processes, is 
independent of the choice of units. This is not the case for all equations associated with 
thermal models. In particular, the equation describing radiation boundary conditions (which 
will be described in section 9.2.3) must have its temperature expressed in Kelvin. It is helpful 
to consider restrictions like this when designing a model, so that if temperatures in Kelvin are 
required for the boundary conditions then they can be used throughout. 

9.2.2 Domain properties 
The domain properties required for heat transfer problems are the density, the specific heat 
capacity, and the thermal conductivity. In general, these properties are temperature-
dependent, but many problems only involve a small range of temperatures, and so assuming 
the properties to be constant may be a reasonable assumption. In cases where temperature 
dependency does affect the results, the advice given in section 3.3 should be considered. 
Temperature dependent material property models are empirical, and may need careful 
application. 



NPL Report DEM-ES-026 Continuous Modelling 

 Page 64 of 97 

The governing equation for conduction assumes perfect thermal contact throughout the 
domain. If the real problem involves several different objects that are adjacent but not tightly 
bonded, this assumption may not be valid. If this is the case, it may be worth introducing 
dummy layers of material that simulate the imperfect contact. The dummy layer should be of 
low density and specific heat capacity, so that it does not remove energy from the real 
physical problem, and should be of low thermal conductivity so that it simulates a poor 
thermal bond. “Low” means “low in comparison to the other materials used in the simulation, 
without being so low as to cause numerical problems”. Values that are too low can result in 
severe restrictions on the range of time-steps that are stable. 

The main use of models with dummy layers is to investigate how the quality of the thermal 
bond affects the results. As the thermal conductivity of the dummy gap is not known, values 
varying over different orders of magnitude can be tried. If the results vary widely, then the 
quality of the thermal bond is important. 

9.2.3 Boundary conditions 
Boundary conditions for heat transfer problems can be split into three types: 

� Conduction 

� Convection 

� Radiation 

Conduction conditions are mainly used at interfaces between two different regions with 
different thermal properties. These conditions ensure that the temperature and the heat flux 
are continuous across such interfaces, so that if the two regions are Ω1 and Ω2 and the points 
x1 and x2 lie in Ω1 and Ω2 respectively, then 
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for a point x lying on the interface between Ω1 and Ω2, and n the unit normal to the interface 
at the point x. The main application is for regions that adjoin a perfect insulator, where it must 
be the case that 

,.T 0=∇ nλ  

because a perfect insulator has zero thermal conductivity. These conditions ensure that the 
governing equation is a valid statement throughout the domain. 

Convection conditions are used to describe the heat transfer between a solid and a fluid, so 
they are useful for describing heat loss to an air environment. In many cases the fluid is not 
modelled in detail, and it is assumed that the fluid’s temperature is known. The most general 
form of convection conditions is 

( ) ( ) ( )( ) ( ) ( )( ) ,,t,Tt,Tt,T,t,Th.t,T flfl Ω∂∈−=∇ xxxxxnxλ   

where Tfl is the fluid temperature which may be a function of space and time, and h is a heat 
transfer coefficient. The coefficient h can be a function of a number of properties of the fluid 
flow, and it is often expressed as a function of the fluid velocity. Forced convection is 
convection in the presence of a fluid flow that would occur even if the temperature difference 
was not present, whereas free convection is convection involving a fluid flow driven solely by 
the temperature difference between the surface and the fluid. Forced convection generally 
produces faster heat transfer than free convection. 
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The convection coefficient h is usually determined experimentally. It is usual to assume that 
the coefficient depends on some power of the difference between T and Tfl so that 

( ) ( )( ) ( ) ( )( ) ,,t,Tt,Tht,T,t,Th flfl Ω∂∈−= xxxxx α
0   

where h0 may be dependent on characteristics of the fluid flow, and α may be zero. Some 
expressions exist for h0, but these are usually for a specific geometry such as a flat wall. 
Where these expressions do exist they are usually given in terms of the Reynolds, Prandtl, and 
Nusselt numbers, which are properties of fluid flows, and they generally assume α = 0. In 
general, if convection is a significant factor then an experimental determination of h0 is 
preferable wherever possible. 

Radiative transfer occurs either between the surface of an object and its surroundings, or 
between two surfaces. Radiation becomes a significant factor when the temperature difference 
between the radiating objects becomes large. The heat flux between two objects depends on 
their temperatures, the surface areas, the surface emissivities, and how much of one surface 
can be “seen” from the other (called the view factor F with 0 ≤ F ≤ 1). The idea of view 
factors is illustrated in figure 9.2.  

Figure 9.2: Surfaces S1 and S2 can see all of one another, so F = 1. Surfaces S3 and S4 cannot 
due to the intervening object, so F < 1. 

For radiation from surface 1 to surface 2 with a view factor F12, the boundary condition is 
given by 

( ) ( ) ,TTA
FA

A.t,T Ω∂∈−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−
+

−
=∇

−

xnx 4
2

4
11

1

122

1

2

2

1

1
1

111
σ

ε
ε

ε
ε

λ   (9.2) 

where Ti denotes the temperature of surface i, Ai is the surface area of surface i, εi is the 
emissivity of surface i, and σ is the Stefan-Boltzmann constant, which has a value of 
5.67 × 10-8 W m-2 K-4. If the surface is radiating to the atmosphere, it is assumed that F12 = 1 
and that εi = 1 so that equation (9.2) above becomes 

( ) ( ) ,TTA.t,T amb Ω∂∈−=∇ xnx 44
1111 σελ   

where Tamb is the ambient temperature. 

9.2.4 Simplifications and solution methods 
The most useful simplification is linearisation of the domain properties and of the boundary 
conditions. For small changes in temperature, it is likely that the majority of domain 
properties can be regarded as constant, and it is possible to linearise most forms of boundary 
conditions. For example, if we consider the radiation conditions 

Surface S2

Surface S1 

F = 1 
Surface S4 

Surface S3 F < 1 
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for T1 – Tamb << Tamb. Linearisation of boundary conditions means that the matrix equations 
are linear and so can be solved more quickly. 

If the equations are linear and the initial temperature distribution is known, it may be 
advantageous to reformulate the problem in terms of the temperature rise 
∆T(x, t) = T(x, t) - T(x, 0). The governing equation becomes 
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The main advantage of this reformulation is that it is more suitable for modelling high-
temperature problems whose results lie within a small range of values. The formulation as a 
problem in terms of temperature difference will produce more accurate results when 
numerical methods are applied. 

Heat transfer problems can be solved using finite element analysis, finite difference methods, 
finite volume methods, or Laplace transforms. Laplace transforms are a semi-analytic integral 
transform. Given a function f, the Laplace transform is 
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and its inverse is 

( ) ( ) ,dsesF
i

tf
i

i

st∫
∞+

∞−

=
γ

γ
π2
1

  

where γ is chosen so that all of the singularities of F are to the left of the line of integration in 
the complex plane. 

This transform is particularly useful for problems where the equations and boundary 
conditions are linear, the material properties are constant, and the initial conditions are a 
uniform temperature distribution so that T(x, 0) = T0. These restrictions makes the 
transformation to a “temperature rise” problem as outlined above particularly simple: 
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( ) .,,T Ω∈∀=∆ xx 00    

The transformation of the problem then becomes 
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which is easier to solve because the time dependency has been removed. 

9.3 Electromagnetics 

9.3.1 Governing equations 
The most general form of the equations governing electromagnetic fields, called the Maxwell 
equations, is 
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where E is the electric field measured in Vm-1, B is the magnetic field measured in T, H = B/µ 
where µ is the magnetic permeability measured in NA-2, D = εE where ε is the electric 
permittivity, measured in Fm-1, J is the vector current density measured in Am-2, and ρ is the 
charge density in Cm-3. The units are specified here because some choices of units eliminate 
the variables ε and µ. The equations are commonly written in integral form by applying the 
divergence theorem and Green’s theorem to the integral of the above forms over a closed 
volume V or a closed surface A: 
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The integral form can be more convenient for solution if finite volumes are to be used. 

The equations are often simplified by assuming steady-state conditions (such problems are 
called electrostatic and/or magnetostatic). In the steady state,  

,0=×∇ E   

and so E can be written as 

ϕ−∇=E   

where φ is the electric potential. Similarly, since  

,. 0=∇ B   

B can be written as 

AB ×−∇=  

where A is the magnetic vector potential. These simplifications mean that  
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9.3.2 Domain properties 
The domain properties that must be defined are the electric permittivity ε and the magnetic 
permeability µ. Both of these quantities can be complex-valued. The quantities are usually 
normalised and written 

,, rr 00 εεεµµµ ==   

where µr is the relative magnetic permeability and εr is the relative electric permittivity. The 
absolute values of µ0 and ε0 are 4π × 10-7 N A-2 and 1/(c2 µ0) F m-1 respectively, where c is the 
speed of light in vacuo. The values of the relative quantities can be temperature dependent 
and frequency dependent, and the materials can be anisotropic.  

In a conducting or semi-conducting material, it is common to define the conductivity, σ, such 
that 

,EJ σ=   

where σ is given in siemens per metre. This is a general form of Ohm’s Law (simply written 
as resistance = electric potential difference / current). In some materials the relationship 
between J and E is more complicated. 

9.3.3 Boundary conditions 
Boundary conditions for most electromagnetic problems are developed by considering the 
continuity of the electric and magnetic fields across the boundary between two media, and 
then making assumptions based on the medium on the outside of the boundary. 

At an interface between two media, the electric potential φ is always continuous (because 
otherwise the electric field would be infinite at the discontinuity). This means that if the 
potential just outside the boundary is known (e.g. due to the presence of an electrode) then φ 
can be set on the boundary.  

This continuity also imposes conditions on the electric field: 
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where n is the outward normal to the interface, subscripts 1 and 2 denote the two media with 
medium 1 being the domain and medium 2 being the outside, D is as defined in section 9.3.1, 
and σf is the free surface charge density on the interface. The equivalent conditions on the 
magnetic field are 
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It can be shown that the electric field inside a perfect conductor is uniformly zero. Hence if 
the domain of interest is surrounded by a perfect conductor then the boundary conditions 
become 
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For wave transmission problems in an infinite medium, some form of condition at infinity is 
required. It is often the case that wave transmission problems are described by the vector form 
of the Helmholtz equation, and a modified form of the Sommerfeld radiation condition can be 
applied.  

9.3.4 Simplifications and solution methods 
If it is assumed that the current density and charge density are zero, then a form of the wave 
equation can be derived for E or B. If it is then assumed that the solution is periodic in time, 
then a resonant frequency problem is obtained. These types of problem will be discussed 
further in section 9.5. Additionally, the steady-state form of the equations where the problem 
is reduced to solution for the electric potential and the magnetic vector potential was 
mentioned in section 9.3.1. 

If the electric field can be written as a sum of terms of the form E0eiωt for different values of 
ω, then it can be shown that  

( ) JEE ωωµ i−=−×∇×∇ 0
2

0
1    

for each value of ω. This form is of most use when the boundary conditions for a problem can 
be written as the sum of a small number of terms. This type of problem is called a frequency 
domain problem, whereas the more general problems governed by the equations (9.3) are time 
domain problems.  

The most suitable solution method for a given electromagnetic problem depends on its 
physical extent, and whether it is a time domain problem or a frequency domain problem. 
Useful advice regarding the most suitable method for different types of problem is given at 
[39]. 

Probably the most common solution methods for time domain problems are the Finite 
Difference Time Domain (FDTD) methods. These methods approximate the time differential 
by using a central difference method and use either finite volumes or finite differences in the 
physical domain. Some sources call the FDTD method using finite volumes in the physical 
domain FVTD. In each case the electric and magnetic fields are calculated on a pair of 
separate but interleaved grids. 

Finite element methods are becoming more popular for electromagnetic problems now that 
computer power has made it possible for three-dimensional problems to be tackled. In 
general, electromagnetic problems are nonlinear and require solutions of vector equations, 
making FE more difficult to apply. Additionally there have been problems with existence of 
spurious solutions, but many of these issues have now been addressed. FE is particularly 
suited to problems in a finite domain where the fields at the boundary are well understood, 
and can be used in the time or frequency domain.  

Another popular method is the method of moments, the most common example of which is 
the boundary element method. This method is more commonly used for problems with 
reasonably simple geometries and/or infinite domains. 

In addition to these methods, there are other specialised methods that are suitable for 
particular classes of problem. Examples include the transmission line matrix method [40] and 
the generalized multipole technique [41], both of which can also be applied to acoustic 
problems. The transmission line matrix method solves problems in the time domain by linking 
mesh points with transmission lines and propagating the excitations of the fields along these 
lines. The generalized multipole technique solves problems in the frequency domain using 
basis functions derived from spherical wave fields corresponding to multipole sources away 
from the boundary. 
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9.4 Fluid flow 

9.4.1 Governing equations 
The most general form of the equations governing fluid flow are derived by considering 
conservation of mass, momentum and energy in a fluid whose pressure p, velocity 
v = {v1, v2, v3}, temperature T and density ρ are varying. For a viscous compressible fluid, 
the equations are of the form 
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where the Fi represent the external accelerations that act on the fluid (e.g. gravity), µ and µ’ 
are the viscosity coefficients (two are needed for a compressible material), λ is the thermal 
conductivity, and cp is the specific heat capacity at constant pressure. The τij are shear stresses, 
and E is the energy per unit mass. 

For solution, these equations require a relationship between p and ρ. This is specified as a 
domain property and discussed in the next section. The most common assumption is that ρ is 
constant, which has a significant simplifying effect on the equations. If the density is constant, 
called an incompressible fluid, the equations become 
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which is a simpler form.  

9.4.2 Domain properties 
In general fluid properties can be pressure, velocity (strain rate) and temperature dependent. 
The main properties that must be defined for the most general fluid model are the density, the 
viscosity (kinematic or dynamic), the thermal conductivity and the specific heat capacity, but 
not all of these are needed if simplifying assumptions such as steady flow and a uniform 
temperature are made. 
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A particularly common form of flow is driven by the Boussinesq approximation, which 
models flow driven by gravity and the effects of temperature on density, writing 
ρ = ρ0(1 - α∆T), and adding the resulting extra body force to the equation of conservation of 
momentum, giving 

( ) .Tp.
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∂
∂ αν

ρ
gvvvv 2

0

1
  

Turbulent flows occur between two layers with differing velocities, particularly where one 
layer is stationary (e.g. a wall). The resulting motion has features at a range of different scales 
and exhibits complicated rotational behaviour. Turbulent behaviour is commonly modelled 
using an averaged system of equations (averaging over time or mass) that feature an extra 
term in the stress tensors. This extra term, called a turbulent stress tensor and denoted τij*, is 
then given as a domain property by writing it in terms of other physical quantities such as 
velocity and length. These models often lead to further unknown quantities requiring further 
equations (in particular the most common turbulence model, the K-ε model, requires 
equations for the unknowns K and ε). 

9.4.3 Boundary conditions 
Probably the most common boundary conditions at walls for fluids problems are the no-flow 
condition, 

,. 0=nv   

where n is the normal to the boundary, and the no-slip condition 

,. 0=tv   

where t is a tangent to the surface. These conditions define zero flow through the wall (no 
flow condition) and along the wall (no slip condition). Sometimes the no slip condition is 
replaced by a friction condition.  

Inlets usually have a specified mass flow rate and density, and outlets often specify pressure. 
If there is only one outlet, the pressure there can usually be set to zero since pressure is a 
relative quantity in most fluid models. 

More complicated boundary conditions occur when there is a free boundary, so that the level 
of the fluid becomes one of the unknown quantities. Such problems lead to a set of implicit 
equations that can be difficult to solve numerically. 

9.4.4 Simplifications and solution methods 
The most common method of simplifying fluid flow problems is to make assumptions about 
the fluid’s behaviour that will simplify the governing equations. The simplest flows are those 
that are assumed to be inviscid, incompressible, and isothermal. This reduces the governing 
system to the Euler equations, which are considerably easier to solve.  

Care needs to be taken when simplifying the domain of fluid flow problems. Some flows, 
particularly turbulent flows, involve three-dimensional phenomena that cannot be modelled 
adequately in a two-dimensional domain. 

Many fluid flow problems are solved using finite volume methods, although finite element 
and finite difference techniques can be used. A good introduction to the use of the different 
techniques for different classes of problem is given in Chung [42].  

Non-dimensionalisation is commonly used in fluid flow problems: flows are often described 
by several non-dimensional parameters (Reynolds number, Prandtl number, Nusselt number, 
etc.) and a suitable solution method or simplification is chosen on the basis of this description. 
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9.5 Waves and resonant frequencies 
Wave equations and resonant frequency problems occur in a number of different areas of 
science. As they are generic classes of equation, the domain properties and boundary 
condition information should be taken from the physical problem, on the assumption that the 
conditions are consistent with the assumptions made in deriving the governing equation. 
Many wave transmission problems occur in infinite domains. The advice in section 3.2.3 
regarding infinite domains should be considered when solving wave transmission problems. 

A system undergoing some form of excitation is most likely to respond at its resonant 
frequencies. They are the frequencies at which the system response can grow uncontrollably 
if the motion is not damped. This can be a great disadvantage in measurement equipment. 

9.5.1 Governing equations 
Wave equations are equations of the form 
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where c is the wave speed. In one spatial dimension, the solution can take the form 
f(x, t) = g(x – ct), and in three dimensions if R = |x| a solution can be written 
f(x, t) = g(R - ct)/R. It is common to seek solutions involving a term of the form g(k.x - ct) 
where k is some vector: these are travelling wave solutions. 

Wave equations can be derived from many of the equations mentioned in the preceding 
sections. Examples of wave equations include 
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from stress modelling, where u is the displacement, E is the Young’s modulus, υ is the 
Poisson’s ratio, and ρ is the density, 
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from fluid motion, where u is the velocity, ρ is the density, and K is the bulk modulus of the 
fluid, and 
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from electromagnetics in vacuo, where E is an electric field and ε0 and µ0 are the electric 
permittivity and magnetic permeability of free space respectively.  

Resonant frequencies (also known as natural frequencies) are similar to eigenvalues of 
matrices (in fact, the discretised versions of such problems result in a matrix eigenvalue 
problem). Resonant frequency solutions (called modes) are the solutions to a governing 
equation that are periodic in time. If a problem involves excitation of an object a some 
random set of frequencies, after a period of initially chaotic behaviour the response of the 
object will be made up of a weighted superposition of its resonant frequency modes. 

Resonant frequency equations are derived by assuming a solution of the form f(x)eiωt exists 
and substituting it into the governing equation. This produces a modified form of the 
governing equation featuring f(x) and ω as unknowns. The boundary conditions are then used 
to derive an equation for ω. This solution will have an infinite number of solutions, but 
generally only the first few are required. 



Continuous Modelling  NPL Report DEM-ES-026 

 Page 73 of 97 

Examples of resonant frequency equations include: 

From stress modelling, 
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where u is the displacement, E is the Young’s modulus, υ is the Poisson’s ratio, ρ is the 
density, and ω is the resonant frequency. The solution produces the frequencies ω and the 
displacements u. 

From electromagnetics, 

( ) ,0BB =+×∇×∇ 0
2
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where B0 is the magnetic field strength, µ is the magnetic permeability, ε is the electric 
permittivity, and ω is the resonant frequency. The solution produces the frequencies ω and the 
field strength B0. 

9.6 Acoustics 

9.6.1 Governing equations 
This section of the guide is concerned with linear acoustic wave propagation in fluids. More 
general wave equations, including the equation for wave transmission in solids, were 
discussed in the previous section. 

The simplest form of acoustic waves in homogeneous isotropic fluids obey the wave equation 
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where c is the wave speed and Ψ is the scalar time-dependent velocity potential, such that if V 
is the particle velocity within the fluid, then  

( ) .t, Ψ∇=xV   

As well as this equation, there are more complicated forms of nonlinear wave equation that 
include diffusion and absorption by the acoustic medium. These will not be discussed in detail 
here, but are covered elsewhere [43]. 

The linear wave equation can then be simplified further by seeking periodic solutions of the 
form  
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where the ωn = 2πfn are known (angular) frequencies, where fn is the frequency in Hertz. Then 
each of the φn obeys (dropping the subscripts) 

,k 022 =+∇ ϕϕ  

where k = 2πf / c. This is the Helmholtz (reduced wave) equation, which can be obtained from 
any wave equation in the same fashion. 

9.6.2 Domain properties 
Acoustic problems generally require definition of two domain properties: the speed of sound 
and the density. The density is generally required to link the model results to a measurable 
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quantity such as pressure. Using the same notation as in section 9.6.1, if p is the sound 
pressure and ρ is the density, then  

( ) ( ).ip xx ρωϕ=   

Both density and sound speed can be dependent on temperature and frequency, in which case 
the governing equation may be more complicated than has been stated. 

Some sources use bulk modulus B and density to define the properties of fluid domains. The 
speed of sound is then given by 

.Bc ρ=  

9.6.3 Boundary conditions 
Acoustic problems fall into two classes: interior problems, where the pressure distribution 
inside some closed surface is sought, and exterior problems, which seek the pressure outside 
of a closed surface. Both of these problems require boundary conditions on the closed surface 
of the form  
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where α, β, and γ are known functions. Frequently these conditions are derived from 
measurement and have either α or β being zero, but surfaces with different reflection 
characteristics may need a different expression.  

In addition to these conditions, exterior problems need a condition at infinity, since one of 
their boundaries is effectively infinite. Physical considerations usually dictate that all radiated 
and scattered waves are outgoing, called the Sommerfeld radiation condition. The condition is 
written 
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in two dimensions and  
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in three dimensions, where R is |x| in both cases. Some sources use a + sign instead of a – sign 
in the condition. This choice usually means that the formulation has been obtained by writing 
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instead of the form given in section 9.6.1. 

9.6.4 Simplifications and solution methods 
As was mentioned in section 9.6.3, exterior acoustic problems involve a boundary condition 
at infinity. This requirement can be problematic when applying numerical techniques to 
acoustic problems. A discussion of some methods that avoid the problem is given in section 
3.2.3. 

As with electromagnetic problems, the type of solution method available for acoustic 
problems strongly depends on the type of problem.  



Continuous Modelling  NPL Report DEM-ES-026 

 Page 75 of 97 

For wave transmission problems there are several different analytic and semi-analytic 
methods in common use, including the angular plane-wave spectrum method (decomposes a 
wave front into its plane wave spatial frequency components and then propagates these in the 
frequency domain), ray, image and beam tracing (commonly used in architectural acoustics), 
and high-frequency asymptotic methods (often used to study non-destructive testing 
problems). In general these methods rely on the problem domain having certain properties 
(e.g. planarity, axisymmetry, etc.). The boundary element method can solve a much more 
general class of problems, and includes the condition at infinity automatically (see section 
10.2 for details).  

For problems where fluid-structure interaction is a concern, finite element methods are a 
convenient way to simulate all parts of the domain. The methods can be used for frequency or 
time-dependent problems. Many common FE packages now have acoustics simulation 
options.  

Problems that are solved by decomposing as a sum of periodic components may require a full 
transient solution, using either finite differences or finite elements. In particular, if the 
problem has been derived from a nonlinear wave equation then it is likely to require specially 
written software. Finite difference schemes are commonly used for such problems because it 
is often simpler to implement a finite difference solution to a nonlinear problem than it is to 
use a finite element method. 

9.7 Ordinary differential equations 
Ordinary differential equations (odes) do not commonly occur as the general forms of 
governing equations for physical situations. The main reason for this is that the majority of 
continuous models represent two- or three-dimensional problems, and the quantities of 
interest vary throughout the domain so the changes with respect to all coordinate directions 
(and sometimes time) must be considered. 

Odes are more commonly produced when semi-analytic methods are used to simplify a partial 
differential equation. They also occur when techniques such as separation of variables are 
used to look for an analytic solution or a Green’s function. Some problems can be simplified 
to odes by assuming that only one of the coordinate direction is significant. For instance if a 
thin beam is being bent, only the variation of deformation along its length needs to be 
considered. 

This is not to say that there are no odes used to define continuous models. Chemistry uses 
odes to describe how concentrations of different substances vary with time. The equations of 
motion of a particulate system are a set of coupled odes. Quantum mechanics applications 
often involve odes. Other examples occur in population dynamics, molecular modelling, and 
electrical circuit analysis.  

All odes have a linear domain, which may be infinite, and boundary conditions are point 
values of the functions, the derivatives or a combination of the two at the limits of the 
boundary. If the boundary is infinite, the boundary conditions may be given as a limiting 
value for the solution as the coordinate tends to infinity. 

Only a few of the most common odes will be given here, but there are useful resources online 
that give fuller lists [44]. The following odes occur in a wide range of physical applications. 
The Airy equation, 

,xyy =′′   

occurs in wave propagation, Bessel’s equation 
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the modified version 
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( ) ,yxyxyx 0222 =+−′+′′ ν   

and the spherical version 
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often occur when looking for separable solutions for equations in cylindrical and spherical 
coordinate systems, and the associated Legendre equation 
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occurs in separable solutions to Helmholtz’s equation in spherical coordinate systems 
(common in acoustics and electromagnetics). Many initially unpromising equations can be 
transformed into these forms by suitable coordinate transformations. 

These equations have solutions that are defined in terms of special functions that can either be 
written as infinite sums, or can be defined in terms of recurrence relations. Many resources on 
mathematical methods and special functions [45, 46] describe Bessel functions and Legendre 
functions more fully. Bessel functions are particularly useful since the solutions to many other 
common equations can be written as a sum of Bessel functions. 

Application-specific odes include: 
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the magnitude of the force caused by the interaction between the ith and jth particles 
(assumed to act along the line connecting the particles and using an appropriate sign 
convention), and Fgen,j represents any other forces present acting on the jth particle, 
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21 == describing the evolution of an 

N-system chemical reaction where the kj and ni,j are known constants and [A] denotes 
the concentration of chemical A, 
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which describes the small vertical deformations y of a beam 

of moment of inertia I and Young’s modulus E under a vertical load q per unit length, 
where x is the coordinate along the length of the beam, and 
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 which describes the charge Q within a 

circuit containing NR resistors Ri, NC capacitors Ci, and NL inductors Li in series. 

Odes are solved using a variety of methods depending on whether the problem is a boundary 
value problem or an initial value problem (see section 3.4 for definition). The methods will be 
discussed more thoroughly in section 10.6. 
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10. Model solution methods 
This section discusses some of the most common discretisation methods, as introduced in 
section 3.2. The advantages and disadvantages of each method are discussed.   

It should be noted that much of the detail given here is not necessary for a user to begin using 
commercially available software to apply the techniques. However, the detail becomes more 
useful when the techniques are to be applied to complicated problems involving nonlinearity, 
and when the user wishes to develop custom-written software. 

Throughout the following, a “structured” grid or mesh is a mesh made up of parallelograms 
(preferably rectangles) or parallelepipeds (preferably cuboids), such as is shown in figure 
10.4. The nodes lie in patterns along sets of parallel and perpendicular lines. An 
“unstructured” mesh, such as that shown in figure 10.1, has no pattern to its nodal points. 

10.1 Finite element techniques 
Finite element analysis splits the domain into a set of non-overlapping elements that cover the 
entire domain. In one dimension, these elements are line segments, in two dimensions they are 
usually triangles or quadrilaterals and in three dimensions they are generally hexahedra, 
wedges, or tetrahedra. In all cases, the elements may have curved sides of they are second 
order or above. In addition to these standard elements, some developers have used special 
elements for modelling springs, point masses, joints, infinite boundaries, and so on. The mesh 
points are placed at the corners of the elements, and for higher-order approximations points 
are placed mid-way along the element sides and sometimes in the centre of the element. The 
order of the element defines its shape and the order of approximation used within the element.  

An example of a two-dimensional mesh using first-order triangular elements is shown in 
figure 10.1. The circles denote mesh points, usually called nodes, and the numbered areas are 
elements. Note that the mesh points are not placed at regular intervals, and that the elements 
are not all the same size and shape. 

Figure 10.1: A typical two-dimensional finite element mesh. Numbers in red are element 
numbers, and numbers in black are node numbers. 

If two adjacent but distinct regions are modelled, such as two different materials perfectly 
bonded together, then the two regions will share a line of nodes and the continuity of various 
of the field quantities will be assumed along the join. The boundary conditions are applied to 
the outermost nodes of the mesh, so in figure 10.1 all the nodes except nodes 8, 9, and 10 
would have boundary conditions applied.  
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The assumption made about the behaviour of the solution is that the solution within an 
element can be written as a sum of functions as suggested in section 4.4, and parameterised by 
the solution values at the mesh points. The functions are usually polynomials in the 
appropriate number of spatial dimensions, and are generally chosen such that if the xi are the 
mesh points and the Ni are the corresponding basis functions then   

( ) .Nk,i,N ikki ≤≤= 1δx  

In this formulation, the basis function Ni is zero within any element that does not include the 
ith node. For example, on the mesh in figure 10.1, N2 will be zero everywhere apart from 
within elements 1 and 2 whereas N10 will be non-zero over elements 7, 8, 11, 12, 14, and 15. 

Not all basis functions are formulated in this way. Hierarchical basis functions use non-
physical parameters for higher order approximations rather than adding extra nodes to the 
mesh. The main advantage of this technique is that the resulting matrix of equations is close 
to diagonal and so has improved conditioning properties. The main disadvantage is that the 
non-physical parameters can be confusing when interpreting results, and the element 
formulation can be tricky. 

Once the basis functions have been chosen, the contributions of each basis function to the 
behaviour of the solution within each element can be calculated. For example, if a parameter 
Q is of interest and one element is the triangle bounded by x = 0, y = 0, and x + y = 1 (see 
figure 10.2) with vertices A, B and C, then the a first order (i.e. linear) finite element method 
would assume that  

( ) ( ) CBA yQxQQyxy,xQ ++−−= 1  

within the element shown. If a quadratic approximation was required, then the values at the 
mid-points of each side (D, E, and F) would be required and the resulting expression would 
be 

( ) ( )( ) ( ) ( )
( ) ( ) .QyxyxyQQyxx

QyyQxxQyxyxy,xQ

FED
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−−++−−+
−+−+−−−−=

14414
12122211

  

Figure 10.2: A small region of the domain, typical of those used in finite element analysis. 

If the triangle in figure 10.2 did not have two of its sides lying along the x and y axes, this 
formula would not be so straightforward. However, any triangle can be mapped onto this 
triangle. Instead of x and y, suppose that the axes in figure 10.2 are ξ and η. Consider a 
general triangle with corners (x1, y1), (x2, y2), and (x3, y3). Then writing 
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gives a suitable mapping. Similar expressions can be obtained for other element shapes. This 
mapping is useful during the assembling of the matrix coefficients. 

The matrix equations are assembled using the weak formulation given in equation 4.4 of 
section 4.4. The basis functions φj and the weighting functions wj are usually both chosen to 
be the Nj as defined above. Hence it is necessary to calculate expressions of the form  
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These expressions can be simplified by recalling that Ω is the union of the set of elements {Sn, 
n = 1, 2, …, Ne} and by rewriting the integrals as a sum of integrations over each of these sub-
intervals: 
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Each basis function will only be non-zero over a small number of elements, considerably 
reducing the number of calculations required. 

The calculations can be further simplified by using the mapping outlined above, by writing 
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where A*  has been altered to use the coordinates ξ and η, and S* is the canonical triangle 
shown in figure 10.2. Whilst this form looks more complicated, it is easier to evaluate 
numerically. 

The numerical evaluation of the expressions above is carried out using quadrature, because 
the operator A may involve non-linear terms, and often the software implementations of the 
finite element method are designed to solve for a wide range of operators so a generally 
applicable methodology is required. The accuracy of quadrature can be improved by using 
quadrature points that are not the corners and mid-points of the elements. Hence the 
unknowns Uk in the expressions above are generally the values at the quadrature points within 
each element rather than the values at the nodes. The results are often output as nodal values, 
which are calculated by extrapolation from the values at the quadrature points. 

The matrices generated when finite element techniques are used are quite sparse, because the 
various unknown quantities are only linked to their nearest neighbours due to the use of very 
localised test functions. 

Transient models are commonly solved in one of two ways using finite elements. If a time-
dependent problem has conditions that only change slowly, is approximately linear, and does 
not feature complicated failure or contact conditions, then it can be regarded as “quasi-static” 
and an implicit time integration technique can be used (see section 4.2.5). Otherwise, an 
explicit integration method is used. Caution should be exercised when considering results 
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obtained using explicit solution methods since it is often easy to generate inaccurate results 
without realising it, through a poor choice of time step. This is particularly true for models 
involving complicated nonlinear behaviour and user-defined materials. 

The main benefit of the finite element method is its flexibility. Since the model can be derived 
from its weak form, as explained in section 4.4, a wide variety of continuous models can be 
solved using the method. It can be applied in one, two or three dimensions and does not 
require a regularly-spaced grid of mesh points. The irregularity of the mesh means that 
complicated geometries can be modelled easily, and that a mesh can be designed to be 
detailed in areas of rapid change and sparse in areas of constant behaviour. The accuracy of 
the approximation can be increased by increasing the number of elements or by increasing the 
order of approximation used within the elements. The sparseness of the matrices used in finite 
elements often means that efficient storage and solution techniques can be used, making 
solution comparatively rapid even for problems with a large number of unknowns. 

The main drawback of the finite element method is that it requires a mesh covering the whole 
of the domain. This restriction is a particular problem for wave transmission problems that 
use a condition at infinity as one of the boundary conditions. Infinite elements can be used to 
avoid this problem, but it is often more straightforward to use an alternative solution 
technique such as the boundary element method.  

Another disadvantage of the finite element method relates to problems involving high levels 
of deformation (principally transient stress analysis and flow problems). As the computational 
domain moves, the nodes move and so the elements become distorted. If the elements distort 
too much, numerical problems occur leading to poor results. This problem can be alleviated 
by using automatic remeshing, but this technique is very computationally expensive. 

Finite element methods are suitable for most types of continuous model, and much of the 
software that is available is of a good quality. Many proprietary packages include easy-to-use 
model development tools and include many common material models and boundary 
conditions as pre-defined options, making the model development stage easier. 

10.2 Boundary element methods 
Boundary element methods are formulated in a similar way to finite element methods. The 
domain is covered by a mesh of possibly irregular non-overlapping elements, and 
assumptions are made about the local behaviour within each element. The weak form of the 
equation is used to generate a set of linear equations linking the unknowns, and these 
equations are solved numerically. 

The principal difference between the boundary element method and the finite element method 
is that the boundary element method expresses the weak form in terms of surface integrals 
rather than volume integrals, and that the weighting function as described in section 4.4 is the 
Green’s function of AT, the adjoint of the operator A with respect to the bilinear form 

( ) .uvdVv,uB ∫Ω
=    

The adjoint is defined as the operator such that B(Au, v) = B(u, ATv) for all functions u and v. 
Many of the operators commonly occurring in continuous models are self-adjoint so that 
AT = A. 

As an example, consider the steady-state heat equation on a three-dimensional domain. The 
operator is self-adjoint, and its Green’s function is 

( ) .,G
xx

xx
′−

=′
π4

1
 

Substituting this into the weak form of the heat equation gives 
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Applying the divergence theorem twice gives 
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where n is the outward normal to the boundary of the domain, and so 
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The solution of this equation for points in the domain requires knowledge of T and its 
gradient on the whole of the boundary, which is generally not available. Hence either the 
calculation must be repeated with an alternative form of the Green’s function that vanishes on 
the boundary (which is only possible for certain domain geometries) or the problem must be 
solved in two stages. First the boundary element method must be applied to  
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   (10.1) 

to get the temperature and gradient distribution on the boundary, and then those results can be 
used in 
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to obtain the temperature at a general domain point. Each of these two equations is solved by 
discretising the surface ∂Ω, approximating the unknowns as a sum of parameterised local 
functions and using quadrature techniques to evaluate the integrals in terms of the unknown 
parameters. The simplest function used assumes that the unknown is constant within the 
element. 

The matrices generated by application of the boundary element method are generally dense, 
particularly the matrices associated with the solution of equation (10.1). The density occurs 
because the unknown value at a given point on the surface is related to the unknown values at 
every other point in the surface, so every entry in the matrix is non-zero. This density can lead 
to problems with efficient storage and solution procedures, and an associated reduction in the 
maximum possible size of problem that can be solved. In some cases, such as the presence of 
rotational symmetry, the matrices have special structure that can reduce the problem, but in 
general this is unlikely to be the case. 

The main advantage of the boundary element method is its suitability for problems involving 
an infinite domain. Most infinite domain problems assume that some function of the solution 
tends towards zero at infinity such that the integral over the boundary vanishes at the infinite 
boundary and the remaining integral is over a finite boundary.  
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Another advantage is that as boundary element formulations use an integral equation over the 
outside of a domain, the formulation may avoid singular behaviour, making problems such as 
crack propagation more amenable to numerical solution.  

The main drawback to boundary element methods is that the Green’s functions used in their 
derivation are often singular, and so the evaluation of the various integrals required in the 
formulation becomes difficult. In some cases the singularity can be avoided and a normal 
quadrature scheme can be used, but in other cases extra manipulation of the integral terms is 
required to make the problem numerically stable. In addition to this problem, the 
identification of a suitable Green’s function can be difficult for some problems, making the 
formulation step tricky.  

Boundary element methods are particularly suitable for wave transmission and scattering 
problems in acoustics and electromagnetics, and for problems in stress analysis (particularly 
damage models). They are also used for fluid flow problems and thermal modelling. 

10.3 Finite volume techniques 
Finite volume methods are usually developed by considering the changes in some quantity 
(e.g. mass, energy, momentum, etc.) within a small volume of the domain. They assume that 
the field quantities are constant either throughout the volume or across one of its faces, and 
calculate the resulting fluxes in terms of field quantities and element dimensions.  

As an example, consider a small fixed two-dimensional volume of space through which an 
incompressible inviscid fluid is flowing in the absence of body forces (e.g. gravity), as shown 
in figure 10.3, and suppose that the flow is steady-state and the fluid is at a uniform 
temperature. Assume that the fluid velocities (u, v) are uniform across each of the walls of the 
volume, and that the pressure pi is uniform throughout the volume.  

Figure 10.3: A fixed volume of space through which liquid is flowing. 

Mass is conserved within the element. The only transport of mass is due to the fluid 
velocities, since the fluid is incompressible. The change in mass due to the flow is 

( ) ( ){ },vvxuuym SNWE −∆+−∆=∆ ρ   

and so the discretised form of the equation for conservation of mass becomes 

∆y 

∆x
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(uE, vE) 

(uS, vS) 
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The conservation of momentum can be applied in two directions to generate similar 
equations: 
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where pE, pW, pS and pN are the pressures to the east, west, south and north of the volume 
shown. This over-simplistic formulation leads to numerical problems during solving, but the 
ideas are the same when deriving improved formulations. 

Many problems commonly solved with finite volume methods involve more than one type of 
unknown quantity. Examples include Maxwell’s equations and the Navier-Stokes equations 
(see sections 9.3 and 9.4 for further details of these equations). Such problems can benefit 
from the use of staggered grids, with a separate grid being used for each unknown (so for 
instance in the example above, pressure and volume grids are offset from one another. 

The example above used a regularly-shaped orthogonal mesh. It is possible to generate non-
uniform finite volume meshes, but the mathematics is considerably more involved. The 
methods can be extended to transient problems by using finite differences in the time 
direction (i.e. by considering the change in conserved quantities over a short time step). 

In the general description of methods given in section 4.4, the finite volume method in its 
simplest (and most commonly-used) form uses the basis functions and weighting functions to 
be constant within the volume in question and zero outside of it. The matrices generated by 
the methods are quite sparse because each unknown value depends only on the values 
immediately around it. 

One advantage of finite volume methods is that because they consider the volume mesh to be 
fixed and the amount of substance in the volume to be variable, flow problems and problems 
featuring large amounts of distortion can be easier to implement than they would be using 
finite elements or finite differences. 

In addition, because they are derived directly from conservation laws when applied to steady-
state problems, the results automatically satisfy those laws. Their derivation is reasonably 
straightforward conceptually, making them easy to explain. The methods can be extended to 
less structured grids than the one suggested above.  

The main disadvantage of the methods is that naive implementations of the methods can have 
numerical problems: for example, in the formulation above, the pressure pi does not appear in 
the equations for the volume considered. This leads to coupling between alternate cells which 
can lead to instability. Additionally, finite volume meshes are constructed from shapes with 
straight sides, and so finite volume meshes do not always give good approximations of curved 
geometries, although published work has addressed this drawback for some applications [48].  

Finite volume techniques are most commonly used to solve fluid flow problems and 
electromagnetics problems (particularly in the time domain). They are less well-suited to 
problems involving complicated geometries. 

10.4 Finite difference techniques 
Finite difference techniques place mesh points at intervals on an orthogonal grid. The mesh 
points are usually placed at regularly-spaced intervals as this makes the calculation of 
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derivatives easier and can improve the conditioning. It is then assumed that the solution can 
be expanded locally as a Taylor series. 

For example, suppose that the solution to the model is a function f(x, y) of the spatial 
coordinates x and y. Then the local Taylor expansions for the four points f(x±∆x, y) and 
f(x, y±∆y) will be 
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and so rearranging gives 
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so for instance 
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Other similar approximations can be obtained for other derivatives. The size of the mesh 
determines the accuracy of the solution. Some transient pdes generate finite difference 
approximations that are only stable for a limited range of time steps.  

The matrices generated by finite difference methods are generally sparse because the 
unknown value at each mesh point is related to its nearest neighbours. Using the terminology 
of section 4.4, finite difference methods have a delta function weighting, and a set of localised 
polynomial basis functions. 

The form of the approximation means that the mesh points must lie on an orthogonal grid, or 
on a grid that can be mapped onto an orthogonal grid (for instance a set of concentric circles 
and radial lines). This requirement can have disadvantages. One is that it limits the range of 
geometries that can be described accurately. Another is that some boundary conditions can be 
difficult to implement, particularly if they require the normal derivative of a curved surface.  

In general, a fine mesh is required where the solution is changing rapidly. This can mean that 
the mesh is unnecessarily fine in some areas. For instance, consider the mesh shown in figure 
10.4, which has been designed for a problem that has very steep gradients close to the origin 
and is less variable away from the origin. 
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The mesh has more detail than is necessary for areas near to the axes but away from the 
origin. This unnecessary detail increases the solution time and matrix storage requirements, 
and may produce stability problems in some cases. In order to avoid such problems, multigrid 
methods have been developed. In their simplest form, these methods solve for the whole 
problem on a coarse mesh, then solve the area around the origin on a finer mesh, then use the 
solution on the fine mesh to update the solution on the coarse mesh and re-solve, and then re-
solve for the fine mesh, and so on until  convergence is achieved. The methods can provide 
converged solutions more rapidly with fewer numerical problems. 

Figure 10.4: A finite difference mesh for a problem with sharp gradients around the origin. 

Finite difference methods are commonly used for the time dimension of transient equations 
because the limitations of the methods (geometric limitations, approximations of boundary 
conditions) do not affect the time dimension. 

The main advantage of finite difference methods is their ease of implementation. The 
straightforward nature of the formulae mean that they can be adapted to nonlinear problems 
and problems featuring spatial variations of properties reasonably easily. The methods have 
convergence properties and truncation errors that are derived from well-established 
mathematical analysis, meaning that the methods can be applied with confidence. 

The main disadvantage of finite difference methods is that the requirements of the structured 
mesh make modelling of small geometric features and accurate approximation of some 
boundary conditions problematic.  
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10.5 Semi-analytic methods 
Semi-analytic methods are generally used to reduce the dimensionality of a problem. The 
methods usually result in a simpler set of equations that can be solved more quickly than the 
original formulation. 

Semi-analytic methods are particularly common for reducing transient problems to (often 
coupled) sets of static problems. This usage is because it is often easier to predict how a 
system will evolve over time in general terms: often the long-term behaviour of a system is 
relatively well understood and is the main result of interest.  

The term “semi-analytic methods” covers too wide a range for every common approximation 
to be discussed here. Three of the most common methods are: 

1. make an assumption about the behaviour of the solution in one dimension and 
generate a new equation on the basis of that assumption, 

2. use an integral transform (Fourier transform, Laplace transform, etc.) to move the 
time-dependence of the problem into the frequency domain, 

3. expand the solution as a sum of functions dependent on some parameter, usually  
known to be small or large. 

An example of the first type of method is reduction of a three-dimensional stress analysis 
problem to a plane strain problem.  The full set of equations for a static elastic stress analysis 
problem are 
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Assuming that the domain is much larger in the x3 direction than the other two directions, and 
that no significant forces act in the x3 direction, then it is reasonable to assume that u3 = 0 
everywhere, and that gradients in the x3 direction can be ignored. These assumptions mean 
that the only three non-zero strains are ε11, ε22, and ε12, and the non-zero stress terms are σ11, 
σ22, σ12, and σ33, so the equations become 
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These equations can generally be solved considerably more quickly than the equivalent three-
dimensional version. 

An example of the application of a Laplace transform to a thermal problem has been given in 
section 9.2.4. Fourier transforms are commonly used in electromagnetic and acoustic wave 
transmission problems. 

The third type of method is commonly used in two ways: either a perturbation expansion or 
an asymptotic expansion. Both methods approximate an unknown function with a sum of 
terms, then compare terms of the same order to generate a new set of equations. The 
difference between the methods lies in their convergence properties. Suppose a function 
f(x, ε), where ε is a small parameter, is approximated as 
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Then a perturbation solution will have  
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and an asymptotic expansion will have 
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The asymptotic expansion does not necessarily converge as N increases: in fact, there is very 
likely to be an optimal choice for N. The most common choice for hn is hn = εn, but cases 
where singular behaviour exists can require other functions. The methods are commonly used 
to develop new pdes (often nonlinear) for the functions gn(x). Examples of perturbation 
methods are found in nonlinear acoustics [43]. Asymptotic expansions are commonly used for 
evaluation of integrals, and have applications in a wide range of physical areas, particularly 
wave transmission problems. 

Semi-analytic methods can be applied to any problem in which the behaviour on one of the 
coordinate directions (including time) is believed to be understood. They are particularly 
common for transient problems. 

10.6 Methods for ordinary differential equations 
There is a vast range of methods for solution of ordinary differential equations. Different 
methods have been designed to give good performance for different types of equation. 
Boundary value problems and initial value problems (defined in section 3.4) need different 
types of method, and stiff problems (defined in section 4.3.1) require special consideration. 
This section will only give an outline of some of the most common methods for solution of 
odes, and the reader requiring more information is directed to the references [17, 47]. 
Additionally, most of these methods are implemented in Chapter D02 of the NAG software 
library [8]. 

The simplest methods for ordinary differential equations are derived directly from the Taylor 
expansion of the equation. Suppose we want to solve the equation for y(x) 
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subject to a set of initial conditions y(0) = yz. The Taylor expansion for y in the region of 
some point x0 is  
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and so if │x – x0│ is small, neglecting higher order terms and substituting for the first 
derivative gives 

( ) ( ) ( ) ( )( ) ( )( )2
00000 xxOx,xxxxx −+−+= yfyy   

and so if the value of y(x0) is known, then y(x) can be calculated to first order. Hence if we 
have an initial value problem, by repeatedly carrying out the calculation  
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we can calculate the function throughout the domain. This is Euler’s method. The step size 
xn+1 – xn is often written hn, or h if the step size is constant (this convention will be used in this 
section).  

Similar rules can be developed that involve more values known from previous steps, provided 
the xn are equally spaced. These are called multistep methods, and particularly common are 
linear multistep methods, which are of the form 
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where fn = f(xn, yn) and the aj and bj are constants. In the example above, k = 1, a1 = 1, a0 = -1, 
b1 = 0, and b0 = (xn+1 – xn) = h. Commonly-used multistep methods include the Adams 
methods (also known as Adams-Bashforth methods if explicit and Adams-Moulton methods 
if implicit). Multistep methods can require a few steps of a single-step method to generate 
enough initial values to start the method. 

In general, implicit multistep methods have good stability properties but can take a long time 
to calculate as they require iterative solution of a set of implicit (possibly non-linear) 
equations. Explicit methods are easy to calculate but are often stable only for very limited 
step sizes. A common way of combining the good properties of the two types of method is to 
use the explicit method to generate the initial guess required for the calculation with the 
implicit method. Such methods can be shown to have good stability and convergence 
properties. These methods have been described in previous SSfM work on continuous 
modelling [1]. 

One of the main disadvantages of multistep methods is that the step size must be uniform 
throughout. This can be very computationally wasteful if, for instance, an initially varying 
system has reached steady state. Runge-Kutta (RK) methods can be used with a variable step 
size, and hence are much more computationally efficient for most problems. RK methods 
calculate intermediate values between xn and xn+1 in order to reduce the truncation error of 
the method. Probably the most commonly-used RK method is the fourth-order method 
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Several different techniques can be used to estimate the error produced by a single step of an 
RK method (for instance Richardson extrapolation, mentioned in [1], or embedded RK 
methods, see [47]). The error estimate can then provide guidance for step size alterations: if 
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the error is very small then the step size could be increased, and if it is too large the step 
calculation could be repeated with a smaller step size.  

It can be shown that the stability properties of all explicit linear multistep methods and 
explicit RK methods make them unsuitable for solving stiff systems (see section 4.3.1 for a 
discussion of stability and stiffness): instead an implicit method must be used. There is a class 
of implicit multistep methods called backward differentiation formulae (BDF) that have 
good stability properties and are relatively straightforward to implement (although as with all 
implicit methods an iterative solver is required for nonlinear problems), and so are 
recommended for stiff systems. Similar implicit RK methods exist but these methods are less 
popular because they require more functional evaluations, and hence more iterative loops, 
than the BDF. The general form of a BDF is  
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=
+ =∑ fy

0

  

with the simplest example being the backward Euler method, which has k = 1, b1 = 1, a1 = 1, 
and a0 = -1. More complicated methods involve higher values of k, and have better truncation 
errors.  

All of the methods described above require known values of all the unknowns to start the 
method, which means that they are only suitable for initial value problems. Boundary value 
problems require a different set of approaches. The generic approach is to generate a first 
guess at the solution, then use an iterative technique to improve the first estimate.  

One commonly-used relatively robust class of methods is shooting methods, which estimate 
the unknown conditions at one end of the interval, solve the resulting initial value problem 
and then adjust the estimates of the unknown conditions according to the difference between 
the calculated values at the other end of the interval and the prescribed conditions there.  

An alternative method (sometimes called a relaxation method) uses finite difference methods 
to approximate the ode on a set of points, then uses a Taylor expansion to generate equations 
for increments of each of the y at each of the points such that the new approximation will be 
closer to the desired solution. 

The success of both types of method is partly governed by the quality of the initial estimates 
of the unknown quantities. in addition, the shooting method can encounter problems for stiff 
systems, and the relaxation methods may not be suitable for systems exhibiting oscillatory 
behaviour over small regions. 

A class of method that can be used for both type of problem is collocation methods. In these 
methods, the solution to an ode is approximated using polynomials (often Chebyshev 
polynomials) and the coefficients of the polynomials are the quantities to be calculated. The 
method is suitable for linear problems, and can be applied to nonlinear problems if an iterative 
technique is used. 

10.7 Summary 
The benefits and drawbacks of each of the methods described in this chapter are: 

Finite element methods 

+ Unstructured meshes can be used so most geometries can be modelled 

+ Exact implementation of differential boundary conditions 

+ Wide range of software available 

+ Has useful error minimisation properties 
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- Formulation from scratch requires mathematical understanding and rigor 

- Can be very computationally expensive 

Boundary element methods 

+ Formulated as a surface problem so does not need a mesh over the entire domain 

+ “Condition at infinity” for wave problems is automatically obeyed 

+ Unstructured meshes can be used 

- Formulation requires good mathematical understanding 

- Can have stability and uniqueness problems 

- Reformulation may not be suitable for every governing equation 

Finite volume methods 

+ Fairly easy to formulate 

+ Physically intuitive 

+ Easy to implement as software 

+ Unstructured meshes can be used (with some difficulty) 

+ Has useful conservation properties 

- Can be very computationally expensive 

- Differential boundary conditions approximated inexactly in most cases 

- Based on flux calculations so may not be suitable for every governing equation 

Finite difference methods 

+ Mathematically easy to formulate 

+ Easy to implement as software 

+ Stability and consistency qualities well-established 

- Structured mesh required 

- Differential boundary conditions approximated inexactly 

- Can be computationally expensive 

Semi-analytic methods 

+ Can enforce required behaviour on a solution 

+ Lead to a simpler form of the governing equation  

- Formulation requires imposing assumptions about the solution 

Methods for ordinary differential equations 

+ Usually developed for good stability & consistency  

+ Higher-order derivatives easily handled by turning problem into a first-order system 

- Can be hard to identify suitable method for stiff equations 

- Boundary value problems can be difficult to solve 
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11. Further reading 
This section suggests a range of books for further reading. Some of the titles have been cited 
in the main text, but they are repeated here for completeness. 

The majority of these books require some degree of mathematical knowledge. This is an 
inevitable consequence of the mathematical nature of modelling measurement processes. 
Where possible, some introductory texts starting from the simplest possible point have been 
suggested. In addition, any books regarded as the “bible” of their field have been 
recommended as reference guides.  

In addition to these books, many of the NAFEMS “Why do” and “How To” guides offer a 
broad introduction to topics, usually approached from a finite element perspective. 

General introductions to mathematical modelling 

N. D. Fowkes and J. J. Mahony, An Introduction to Mathematical Modelling, John Wiley, 
1994, ISBN: 0471934224. 

This book has been found to be useful in previous SSfM work on validation. The book 
outlines the skills and methods required to formulate and solve mathematical models. The 
book contains information on a wide variety of analytical methods, and shows examples of 
the methods not working (with reasons why) as well as successful examples. Indications are 
given of when numerical methods are required. Maple code is used throughout.  

A. B. Tayler, Mathematical Methods in Applied Mechanics, Oxford University Press, 2002, 
ISBN: 0198515596. 

This book covers the basic methods of model formulation and describes many analytic 
techniques for solution of simple models. These analytic techniques can often be used to 
obtain a first approximate solution and to understand the dependencies and behaviour of the 
solutions. The techniques are illustrated using real example problems drawn from physics, 
and indications of how the models could be extended and developed are given. The three 
main chapters cover elliptic, parabolic, and hyperbolic partial differential equations, with a 
final chapter on nonlinear equations. No specific descriptions of numerical methods are given, 
but references for suitable methods are supplied.  

N. Gershenfeld, The Nature of Mathematical Modelling, Cambridge University Press, 1999, 
ISBN: 0521570956. 

This book divides models into three classes, analytical, numerical, and observational, 
according to the most suitable solution method for the model. The material on analytical 
models largely covers model building and solution under simplifying assumptions. The 
section on numerical models acknowledges that very few differential equations can be solved 
analytically, and outlines some of the key numerical techniques used for solution. 
Observational models (the largest section) are obtained by manipulating measurement data 
(e.g. curve/surface fitting, digital signal processing, filtering, etc.), something that SSfM 
classes as discrete modelling. Key points are illustrated by examples throughout. Problems for 
the reader are given in each chapter with full solutions at the end of the book. 

R. Aris, Mathematical Modelling Techniques, Dover Publications, 1995, ISBN: 0486681319. 
This book is a general introduction to the ideas and motivation behind mathematical 
modelling. It is written in a conversational style and is illustrated by some general examples.  

N. Bellomo and L. Preziosi, Modelling Methods and Scientific Computation, CRC Press, 
1995, ISBN: 0849383315. This book is a comprehensive review of the equations and methods 
of modelling in the physical sciences, including algorithms and code fragments. 
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E. A. Bender, An Introduction to Mathematical Modelling, Dover Publications, 2000, ISBN: 
048641180X. This book introduces many of the basic ideas of mathematical modelling and 
features many examples. The majority of the examples are problems that can be solved 
analytically, and so few of the examples are drawn from physics. Partial differential equations 
are only mentioned briefly. 

Stress Analysis 

S. Timoshenko, J.N. Goodier, Theory of Elasticity, McGraw-Hill Publishing Co.,1970, ISBN: 
0070858055.  

S.P. Timoshenko, D.H. Young, W. Weaver, Vibration Problems in Engineering, John Wiley, 
1990, ISBN: 0471632287. 

These books derive analytical solutions to many simple problems in elastic stress and strain 
and vibration. Whilst such solutions are not directly applicable to many problems, they 
provide a good first approximation to many real-world problems. In addition, following the 
logic used to obtain the solution leads to an improved understanding of the theory 
underpinning the results, and the assumptions that have been made to generate them. 

R. D. Cook, Finite element modeling for stress analysis, John Wiley, 1995, ISBN: 
0471107743. As well as introducing the concepts and mathematical basis for FE, this book 
explains key points and pitfalls to be aware of when applying FE to real problems in stress 
analysis. It takes a practical approach and is suitable for engineers and physicists as well as 
mathematicians. 

H. Kolsky, Stress waves in solids, Dover Publications, 2003, ISBN: 0486495345. This gives 
an introduction to the propagation of stress waves within solid materials. Geotechnical texts 
may be a good source of further material on this topic. 

Heat Transfer 

F. Incropera, D. DeWitt, Fundamentals of Heat and Mass Transfer, John Wiley and Sons 
(WIE), 1996, ISBN: 0471304603. This is a general introduction from an engineering 
perspective, including material on conduction, convection, and radiation. The derivation of 
equations and the physical phenomena are explained, and there is a large number of examples 
illustrating the points made. There is not much material on phase changes such as melting, 
although boiling is covered. 

Electromagnetics 

The following are general introductory texts to analytical electromagnetic modelling. 

S. Ramo, J. R.Whinnery, and T. van Duzer, Fields and Waves in Communication Electronics, 
John Wiley, 1994, ISBN: 0471585513. 

J. Kraus, Electromagnetics (5th ed), McGraw-Hill, 1999, ISBN: 0071164294. 

R. Harrington, Time-harmonic electromagnetic fields, John Wiley, 2001, ISBN: 047120806X. 

The next three are regarded as standard references. 

J. D. Jackson, Classical electrodynamics (3rd ed), John Wiley, 1999, ISBN: 047130932X. 
This is THE classic among physicists, but has more emphasis on fundamentals than 
applications and hence may be most suitable as a reference. 

J. van Bladel, Electromagnetic Fields, Hemisphere, 1985 ISBN: 0891168192. This is very 
thorough and complete, and is regarded as a classic for electrical engineers.  

C. Muller, Foundations of the Mathematical Theory of Electromagnetic Waves, Springer-
Verlag, 1969 ISBN: 0387045066. This book is a classic for mathematicians. 

Finally, these books have applications in specific areas. 
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M. Born, and E. Wolf, Principles of Optics: Electromagnetic Theory of Propagation, 
Interference and Diffraction of Light, Cambridge University Press, 1999, ISBN: 0521642221. 

R. E. Collin, Foundations for Microwave Engineering (2nd ed), John Wiley, 2000, ISBN: 
0780360311 

All of the books above focus on analytical models. In general, books on numerical 
electromagnetic modelling tend to be covering a single specific method. References for some 
such books are given in section 9.3. 

Waves and natural frequencies 

Many books on specific application areas address waves and frequencies of vibration. For 
instance, most books on electromagnetism include material on electromagnetic waves. Please 
see the sections on application areas for such titles. One book that links the theories 
underpinning wave propagation in acoustics and electromagnetics is 

D. S. Jones, Acoustic and Electromagnetic Waves, Clarendon Press, 1989, ISBN: 
0198533802. 

Acoustics 

The following three texts are generally regarded as classics, largely focussing on derivation of 
equations and their analytical solution. 

P. M. Morse & K. U. Ingard, Theoretical Acoustics, Princeton University Press, 1987, ISBN: 
0691024014. 

E. Skudrzyk, Foundations of Acoustics, Basic Mathematics & Basic Acoustics, Springer-
Verlag, 1972, ISBN: 0387809880. 

D. T. Blackstock, Fundamentals of Physical Acoustics, John Wiley, 2000, ISBN: 
0471319791. 

Numerical methods 

The following books cover specific numerical solution methods. In general they are oriented 
towards mathematicians who wish to understand the background to the methods and wish to 
be able to check the convergence and stability of the methods. 

O. C. Zienkiewicz and R. L. Taylor. The Finite Element Method (three volume set), McGraw-
Hill, 2005, ISBN: 0750664312. This is a classic text, including theory, applications, and 
worked examples. As well as explaining the theory underpinning finite element analysis, it 
presents correlations and extensions, and links finite element methods to finite difference and 
boundary element methods via a common general formulation (as outlined briefly in section 
4.4). The second volume focusses on solid and structural mechanics applications, and the 
third volume covers computational fluid dynamics.  

K. W. Morton and D. F. Mayers, Numerical Solution of Partial Differential Equations: an 
Introduction, Cambridge University Press, 2005, ISBN: 0521607930. This book concentrates 
on the use of finite difference methods to solve partial differential equations. A wide range of 
methods and their strengths and weaknesses are illustrated with examples, and analysis is 
used to demonstrate why the instabilities and inaccuracies observed in the examples occur. In 
addition to the material on finite difference methods, the book outlines other methods and 
analysis techniques and gives references for further reading. 

W. S. Ames, Numerical methods for partial differential equations, 3rd edition, Academic 
Press, 1992, ISBN: 012056761X. This book gives a thorough discussion of the application of 
all types of numerical method (including finite difference, finite element, and spectral 
methods) to the three main classes of partial differential equation. It includes worked 
examples and has a separate section on special topics that were of interest to researchers at the 
time of writing the book such as shock waves and singularities. 
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J. D. Lambert, Numerical Methods for Ordinary Differential Systems, John Wiley, 1991, 
ISBN. This book gives a thorough introduction to the range of methods that can be applied to 
the initial value problem of a system of ordinary differential equations. It includes a lengthy 
section on stiff problems, and recommendations of which methods are suitable for which 
types of problems. 

The following books describe methods and algorithms that are needed for implementing most 
solution methods, including matrix methods and integration and quadrature methods. 

G. H. Golub and C. F. van Loan, Matrix Computations, Johns Hopkins University Press, 
Third Edition, 1996, ISBN: 0801854148.  

This book gives efficient, stable algorithms for carrying out a wide variety of matrix 
computations in finite precision arithmetic. Many of the algorithms are included in the free 
LAPACK routines. This type of computation is essential for anyone wishing to create their 
own continuous modelling software. 

W. Press, S. A. Teukolsky, W. T. Vetterling, and B. Flannery, Numerical recipes in 
C/C++/F77/F90, CUP. ISBN: 0521431085 (C), 0521750334 (C++), 052143064X (F77), 
0521574390 (F90). 

This book contains descriptions of algorithms for solving a variety of common problems and 
the mathematics that underpins them. The code sections are not always ideal for the language 
in which they are written, but much of the mathematics is sound. 
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