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PROPAGATION OF UNCERTAINTY IN ONE-PORT ANA MEASUREMENTS

P.R. Young
Centre for Electromagnetic Metrology
National Physical Laboratory

1 Introduction

Many factors affect the accuracy of a reflection coefficient measurement. Connector
repeatability, noise, non-linearity in the mixers, errors in the ADCs are just some of the many
sources of uncertainty in a modern network analyser system. There is, however, a more
fundamental, and often overlooked, contribution to the overall uncertainty in an ANA
measurement. Namely the imperfections of the standards used in calibration. Since these
standards are used to characterise the internal network of the test set, any deviation between
the assumed and actual values of the standards will introduce an error in both the calibration
and subsequent measurement of a device under test (DUT). Fortunately, we can relate the
uncertainty in the measurement to that of the assumed values of the calibration standards. This
report demonstrates such a technique for a simple one-port ANA. Note that a brief account of
this technique was covered in a recent ANAMET news article [1].

2 Theory

It is well known that the true value p of the voltage reflection coefficient (VRC) for a device
connected to a reflectometer is related to the indicated value w by
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where Epr, Esp and Egr are the familiar directivity, source match and frequency tracking
terms, respectively. It is more convenient to write equation (1) as a bilinear equation [2, 3]:
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where 4, B and C are related to Epr, Egr and Err. In practice, 4, B and C are not known, but
are determined in calibration. By connecting three standards to the reflectometer, a system of
linear equations is obtained, which can be solved for A, B and C. Thus,
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W, = Cp, +1 i=1,2,3. (3)

The reflection coefficient for an unknown DUT is then given by
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In practice, the VRCs of the standards p; are not known exactly; only approximate values
based on theoretical models, prior measurements or engineering assumptions are available.
Therefore, the relationship between the indicated values and the assumed values is given by
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where w; and I'; are the indicated and assumed values of the ith standard, respectively. We

note that for three given standards the values of w; are identical in the equations (3) and (5).
However, since I'; = p;:

A#A',B#B and C# (',
For an unknown DUT, equation (5) becomes

= B —w (6)
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where, I' is the corrected value of the DUT. We note that for a given DUT, w is identical in
equations (4) and (6).

Suppose that the difference between the assumed and true values of the standards is small

(which should be the case for precision items), and that this difference is represented by g;.
Thus,

Fi=pi+8i @)

We require the difference between the true value of the DUT and the corrected value,
calculated from equation (6),

A=I"—p.

To derive a relationship between the true and assumed values we first eliminate the calibration
constants from equation (3) and (4). This is achieved by using the property that the cross ratio

of four complex numbers is invariant under a bilinear transform [4]. Thus equations (3) and
(4) can be written as
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Where now the constants 4, B and C have been eliminated. We note that p and w are the true

and indicated values of the DUT, respectively. Similarly, equations (5) and (6) can be written
as
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where I" and w are the corrected and indicated values for the same DUT, respectively.
Therefore, for three calibration standards with true values p;, assumed values I'; and indicated

values w;, the following expression relates the true value of the measurand p to that of the
corrected value I'.

(P"pl)(pz_p3)=(F_Fl)(r2_r3) (10)
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Eliminating p; from equations (7) and (10) and noting that A is small [5] gives
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where second order terms have been neglected. We now have an expression relating the

difference between the true and corrected value of the DUT to the difference between the true
and assumed values of the standards.

If instead of difference terms, we replace €; with circles of uncertainty of radii »; centred

around I'; (so that p; is somewhere on, or within, the circle), then the uncertainty in the
measurement is given by [1]

U(p) =y, 'al (p)\ + uzlaz (p)‘ + u3|a3(p)| (12)

By plotting U(p) for complex p, we obtain surface plots, or uncertainty profiles, indicating the
uncertainty in the measured DUT for a given p.

3 Uncertainty profiles

This section shows uncertainty profiles for three different calibration schemes: calibration
using offset high-reflect standards and short-open-load calibrations using the GPC-7 and
Type-N connector types. It is clear from (12) that the uncertainty in the measured DUT is
dependent on the assumed values of the standards and their uncertainties. Since both the
assumed values and their associated uncertainties are likely to be functions of the operating
frequency, U(p) will also be frequency dependent.



In practice, the uncertainties of the three calibration standards are different. For example a
short-circuit is likely to better defined than a nominal 50 Q load. However, to simplify the
analysis, we will assume that the uncertainties are equal, u = u, = u,= u,.

In each of the following figures the uncertainty is indicated by the height and colour of the
surface, the value being given from the colour bars to the right of the plots. A contour of the
surface is also provided. The red circles on the contour plots denote the assumed positions of
the calibration standards at the relevant frequency. The plots show relative uncertainty U(p)/u,

i.e., the factor by which the uncertainty in the DUT is greater than that of the calibration
standards, at a given point in the complex plane.

3.1 Offset high-reflect calibration

Figure 1 shows uncertainty profiles for an offset high-reflect calibration with short-circuits
offset by 0 mm, 150 mm and 300 mm. Figure 1(a) through to Figure 1(e) show the calibration

at frequencies in steps of 60 MHz, starting at 150 MHz and ending at 450 MHz. The assumed
values for the standards are given by

Flush Short-circuit: I=-1
Short-circuit offset by 150 mm: [, (f)=—exp(—jB2L)
Short-circuit offset by 300 mm: [L(f) = —exp(—jB2L,)

where B=2nf/v is the propagation constant of the line, v is the phase velocity of the
propagating mode and L, =150 mm and L, =300 mm are the lengths of the two lines.

We observe from Figure 1 that the uncertainty in the measurement varies quite dramatically
over the complex plane. Furthermore, there is a strong frequency dependence. In Figure 1(a)
the refection coefficient of the three standards are close together resulting in large
uncertainties at points away from the calibration standards. As the frequency increases, both
the offset short-circuits rotate clockwise around the edge of the unit circle resulting in more
uniform profiles, figures 1(b) and 1(c). In Figure 1(d) the standards are separated by 120°. We
see that now the uncertainty is almost uniform at the centre of the complex plane, rising to
1.7u on the circumference of the unit circle at points 60° away from the standards. Under these

operating conditions the calibration is at its optimum. Whereby optimum we mean, low,
uniform uncertainty.

As the frequency increases past the optimum point, the VRC of the short-circuit offset by
300 mm moves closer to the flush short-circuit (Figure 1(e)) resulting in increased
uncertainty. Finally, in Figure 1(f), we obtain a saddle-shaped uncertainty profile, which is
low, close to the standards, but increases towards the origin and at points on the
circumference, away from the standards. This trend continues for further increases in
frequency until I'; passes through -1. At this point, there are effectively only two values for I';
and therefore the system of equations in (3) and (6) become indeterminate. Under these
conditions, equation (12) is meaningless. We note, that in practice, additional offset high-
reflect standards could be used for broadband calibrations. Then, at a given frequency,
standards that result in uncertainty profiles closest to the optimum condition could be chosen.
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Figure 1. Relative uncertainty in the measurement, U(p)/u, for an offset short-circuit
calibration as a function of the true value of the DUT, p. The uncertainty is indicated by the

height and colour of the surface. The red circles denote the positions of the calibration
standards at the relevant frequency.



3.2 GPC-7 short-open-load calibration

Figure 2 shows uncertainty profiles for a GPC-7 short-open-load calibration for frequencies

up to 18 GHz. In each case the open-circuit has been modelled as a capacitor with the
following frequency dependence [6]

C(f)zco+clf+czf2+c3f3

where

c, =872x107"° F,
¢, =1695x107 F's,
¢, ==1505%x107 F ¢

and
¢, =889x107™* Fs*.

The assumed values of the standards are

Short-circuit: I =-1
Matched load: I,=0

1-joC(f)Z,
Open-circuit with fringing capacitance: ()= ﬁjz—cijff%

where o=2nf is the angular frequency and Z, is the characteristic impedance of the line.

Figure 2(a) shows the GPC-7 calibration at DC. Here the uncertainty profile resembles a
butterfly, with low uncertainty along the real axis rising to a maximum at + j. As the
frequency increases, the reflection coefficient of the open-circuit rotates clockwise around the
circumference of the unit circle. This results in an increased uncertainty in the upper half of
the complex domain with a corresponding decrease in the lower half. This trend continues for

further increases in frequency until the upper frequency limit of the GPC-7 connector type is
reached at f= 18 GHz.
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Figure 2. Relative uncertainty in the measurement, U(p)/u, for a GPC-7 short-open-load
calibration as a function of the true value of the DUT, p. The uncertainty is indicated by the

height and colour of the surface. The red circles denote the positions of the calibration
standards at the relevant frequency.



3.3 Type-N short-open-load calibration

Figure 3 shows uncertainty profiles for a Type-N short- -open-load calibration. In this case, the
open-circuit and short-circuit include an offset of 6.9 mm and 8.4 mm, respectively. Again the
open-circuit is modelled as a capacitor with the following frequency characteristics [7]

C(f):co+clf+c2f2+c3f3

where
¢, = 88.308 x 10" F,

¢, =16672x107 Fs,

¢, =—146.61x107 F §?

and

¢, =9.7531x107% F ¢,

The assumed values are

Short-circuit: IN=-1

Short-circuit offset by 8.4 mm: IL,(f)=—exp(-jB2L,)
1-joC(f)Z,

Open-circuit offset by 6.9 mm: ()= %exp(— JB2L,)

where L, =84mm and L,=69mm are the lengths of the line sections within the
short-circuit and open-circuit, respectively.

At DC the Type-N calibration is identical to the GPC-7 calibration. However, as the
frequency increases, the VRC of both the open-circuit and the short-circuit rotate clockwise
around the circumference of the unit circle, at approximately the same rate (with this trend
continuing above 10 GHz). As a result, the uncertainty profile rotates around the origin,

retaining its original butterfly shape. Therefore, for the Type-N calibration, the standards
always retain their relative position in the complex plane.
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Conclusions

It has been shown that the uncertainty in an ANA reflection measurement can be related to the
assumed values of the standards used to calibrate the ANA, their uncertainty and the true
value of the DUT. Since the assumed values of the standards and their associated uncertainty
are in general functions of frequency the uncertainty in measurement is also frequency
dependent. This results in a complicated, but predictable, relationship between the uncertainty
in the measurement and the uncertainty in the assumed values of the standards.

Three typical calibrations were considered in this report; however the technique is applicable
to any one-port calibration. It was shown that an offset short-circuit calibration exhibits low,
uniform, uncertainty profiles when operating under its optimal conditions. Unfortunately, the
calibration is very sensitive to frequency, displaying large uncertainties for relatively small
changes in frequency. In contrast the GPC-7 calibration was shown to have very little
frequency dependence, with little change in the uncertainty profile over the recommended

operating range. The Type-N calibration proved to be quite frequency dependent but stable for
all operating frequencies.

It is clear, then, that the uncertainty in the assumed values of the standards should not, as is
often the case, be neglected. In fact, under certain conditions, it could well be the dominant

contribution to the overall uncertainty.
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